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Dimension-free mixing times of Gibbs samplers for Bayesian
hierarchical models

Filippo Ascolani* and Giacomo Zanella!

Abstract

Gibbs samplers are popular algorithms to approximate posterior distributions arising
from Bayesian hierarchical models. Despite their popularity and good empirical perfor-
mances, however, there are still relatively few quantitative results on their convergence
properties, e.g. much less than for gradient-based sampling methods. In this work we anal-
yse the behaviour of total variation mixing times of Gibbs samplers targeting hierarchical
models using tools from Bayesian asymptotics. We obtain dimension-free convergence
results under random data-generating assumptions, for a broad class of two-level models
with generic likelihood function. Specific examples with Gaussian, binomial and categorical
likelihoods are discussed.

1 Introduction

Gibbs samplers [I2] are a family of Markov Chain Monte Carlo (MCMC) algorithms [10]
commonly used in various scientific fields. In the context of Bayesian Statistics, they are
routinely employed to draw samples from posterior distributions of unknown parameters
conditional to the observed data [28, B7]. Like most MCMC methods, they are guaranteed
to converge to the correct posterior distribution as the number of iterations tends to in-
finity under mild assumptions [54]. However, understanding how quickly this convergence
occurs, for example by quantifying the so-called mixing time of the Markov chain gener-
ated by the algorithm, is in general a hard task. In this paper we address this question for
Gibbs samplers targeting certain classes of high-dimensional Bayesian hierarchical models.
Analysing convergence properties, such as mixing times, is the key technical step needed
to rigorously quantify the computational cost of MCMC algorithms.

1.1 Hierarchical models

Our motivating example is given by classical Bayesian hierarchical models of the form

Yi |0~ f(16;) j=1,...,7,
0; 10N p(-10) j=1,...,J, (1)
¥~ po().

Here the observed dataset Y1.; = (Y;),=1,....s is divided into J groups, with data for each
group typically containing multiple observations, e.g. ¥; = (Yj1,...,Y;m). Each group
features some local (i.e. group-specific) parameters 8; € R?, while vy € RP are global
(hyper)-parameters. Above f(- | 8), p(- | ) and po(-) denote some likelihood function, local
prior and global prior, respectively. See Section [4] for the assumptions we require on each
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of those. Given model , posterior inferences are based on the conditional distribution
of ¢ and 8 = (0y,...,0;) given Yi.;, which we denote as £(d€,du|Y7.;). Hierarchical
models such as are the workhorse of Bayesian Statistics and are commonly employed
in many applied contexts (see e.g. [25] [24] and references therein). In this paper, we are
mostly interested in the high-dimensional regime where J — 00, so that both the number
of datapoints and parameters, i.e. n = Jm and p = J¢ 4+ D respectively, diverge.

One iteration of a Gibbs sampler targeting £(d, dy|Y7.s) sequentially samples each pa-
rameter from its full-conditional distribution, i.e. it performs the updates 6; ~ £(d6,|Y1.s,v)
for j = 1,...,J and ¢ ~ L(dv¢|Y1.s,60). Algorithms based on conditional updates are
well-suited to model , since they naturally exploit the underlying sparse dependence
structure. In particular, the conditional independence of 61, ...,0; given Y7.; and ¥ im-
plies that the sequence of updates from the low-dimensional distributions £(d6;|Y1.s, ¢) for
j=1,...,J is equivalent to an exact joint update from the high-dimensional distribution
L£(d8]Y1.5,1). Also, since local parameters interact only with local data conditional on
Y, ie. L(d6;|Y1.5,v) = L(d,;|Y;, 1), one iteration of the Gibbs sampler can typically be
implemented with a computational cost that scales linearly with J. For the sake of com-
parisons, a similar cost is required by a single likelihood evaluation or a single posterior
gradient evaluation for model (I)). See also Remark [4.2]in Section [4.2]for related discussion.

The key question to properly assess the effectiveness of Gibbs samplers targeting model

is how fast the resulting Markov chain converges to its stationary distribution £(d@, dy|Y7. ;).

Interestingly, such chain often enjoys dimension-free convergence speed, meaning that the
number of iterations required to converge does not grow (or grows only logarithmically)
with J. Figure [I] illustrates numerically this behaviour on a hierarchical logistic model,
where the likelihood and prior in are specified as

o — ()" 01v)=N(O|pr " = 2
1010 = (") e #0190 =NOI, = @)
with y € {0,...,m} and m being a positive integer. The prior for ¢ = (u, ) is set to u |
T~N (O, 103/7') and 7 ~ Gamma(0.1,0.1). Full details on the simulation set-up of Figure
are described in Section[5.2] The results suggest that the number of iterations required by
the Gibbs sampler to draw each sample from £(d€,d|Y7.;) remains bounded as J grows
and asymptotes to a finite value as J — 0o. Combined with cost per iteration, this implies a
computational complexity that grows linearly with J. Note that this complexity is smaller
than the one of popular gradient-based MCMC methods when applied to these models
(see Section for more details), supporting the idea that Gibbs samplers can achieve
state-of-the-art performances for hierarchical models with sparse dependence structures.



In Section 4] we provide rigorous support to the above empirical evidences. In particular,
we study the asymptotic behavior of mixing times of Gibbs samplers targeting model .
There we prove that mixing times remain bounded as J — oo under mild assumptions on
the likelihood f and the global prior py. We instead require stronger assumptions on the
local priors p(- | ), which we assume to be in the exponential family. Our results (see
e.g. Theorem are average-case ones and hold with high probability with respect to
the law of the data-generating process. To do so we assume the observed data Y7.; to be
randomly generated. This allows to use tools of Bayesian asymptotics, such as Bernstein-
von Mises type statements (see e.g. Chapter 10 of [64]), to characterize the asymptotic
posterior behaviour as J — oo and then extract information about the limiting behaviour
of the associated sequence of MCMC algorithms.

1.2 Related literature

The literature on performances of MCMC methods is very broad. The most well-studied
classes of algorithm are probably gradient-based ones, such as Langevin [57] and Hamilto-
nian [38] Monte Carlo, see e.g. [14] 18, [19] and related literature. Available results suggest
that the number of iterations (or target gradient evaluations) required by those algorithm
to converge to stationarity increases with dimensionality, e.g. growing as O(J%) with the di-
mensionality J, for some o > 0 that depends on the setup and type of algorithm [51 [7), [66].
In the context of hierarchical models, given that each target gradient evaluation has a lin-
ear cost in J, this leads to a computational cost to sample from £(d@,d|Y7.s) that scales
super-linearly with J, e.g. as O(J'*®) with a > 0. Comparing these results to the one
we develop here for Gibbs samplers suggests that, while being state-of-the-art black-box
schemes to sample from generic high-dimensional distributions with appropriate regularity
conditions (e.g. log-concavity), default gradient-based MCMC schemes can be suboptimal
for high-dimensional hierarchical models. See also [46] for related numerical evidences.

Compared to gradient-based MCMC, results for Gibbs-type schemes are less abundant
and more model-dependent. Notable recent examples include [67, 30} [49], which provide
convergence bounds for hierarchical models, similar to , with Gaussian and Poisson like-
lihoods. Another recent result is given by [48], which provides dimension-free convergence
bounds for Gibbs samplers for high-dimensional probit regression models under appropri-
ate regimes. Providing sharp non-asymptotic analyses like the ones above requires proof
techniques, such as drift-and-minorization techniques [58] and random mappings [48], that
are usually likelihood-specific and potentially hard to construct. For example, they may re-
quire to devise and study a suitable Lyapunov function that depends on the specific choices
of both likelihood and priors in (see e.g. formulae (6) and (33) in [30] and [67], respec-
tively). On the other hand, these approaches provide non-asymptotic bounds that apply
to fixed sample size and dimensionality, thus being complimentary to the high-dimensional
asymptotic analysis we develop here.

Interestingly, there are relatively few papers combining the tools of Bayesian asymp-
totics and MCMC theory in rigorous ways. The work in [6] uses Bernstein-von Mises Theo-
rem to provide polynomial bounds on the convergence of random walk Metropolis-Hastings
schemes. After that, very recent papers use similar techniques to provide complexity anal-
ysis of MCMC schemes, see e.g. [41], B9} [62] dealing with gradient-based methods, the first
in the context of inverse problems. A brief discussion about the use of asymptotic posterior
characterisations to study the convergence properties of Gibbs samplers is given in [56].
A more in-depth use of Bayesian asymptotics to study data augmentation procedures is
given in [32], which also considers hierarchical models. See Remark in Section [4] for
more details on the results in [32]. Finally, an interesting exception is given by Bayesian
variable selection models, where multiple works have exploited the asymptotic behaviour
of the posterior distribution to characterize the computational performances of Bayesian
methods [68] [3 [69).



1.3 Sketch of the main arguments and structure of the paper

The argument we employ to study Gibbs samplers targeting £(d@,de | Y1.5) can be de-
composed in three main parts. First, if p(- | ¢) belongs to the exponential family, there
exists a set of sufficient statistics T' = T'(0), whose dimensionality does not depend on J,
such that £(dy | 6,Y1.5) = L(dy | T(0),Y1.s). Lemma in Section shows that, as
a result, the Gibbs sampler on £ (d@,dy | Y1.;) has the same mixing times as the one on
L(dT,dv | Y1.7). This allows to focus on the latter distribution which, unlike the former, is
intractable but fixed dimensional. Note that this dimensionality reduction does not require
the likelihood f to admit sufficient statistics (see Remark and is a peculiar property of
Gibbs samplers, since it exploits the presence of exact updates. The second step consists in
studying the asymptotic behaviour of £ (dT',d% | Y1.s) as J increases. In particular, Propo-
sition shows that a suitable rescaling of (T',1)) converges to a multivariate Gaussian
distribution in total variation distance. The proof combines a classical Bernstein-von Mises
Theorem for 1) (Lemma[4.3)) with a less standard Central Limit Theorem for T conditional
on 1 (Lemma. More details can be found in Section The final and key point is then
to connect the convergence of the target distributions, in this case {£ (dT',d¢ | Y1.7)}s>1,
to the convergence of the associated Gibbs sampler operators. Theorem proves that the
limiting behaviour of a sequence of Gibbs samplers is equivalent to the behaviour of the
Gibbs sampler on the limiting distribution: this is shown in total variation distance and
under warm start assumption. The fundamental link is given by Proposition 2:2] which
provides an upper bound on the distance between Gibbs sampler operators in terms of the
one between the target distributions. Since those results are of independent interest and
are not specific to hierarchical models, we start by developing those in a general setup in
Section Then, Section [3] recalls the Bernstein-von Mises Theorem and illustrates the
results of Section [2] to the fixed-dimensional setting. Section [4] develops the main results
of the paper dealing with general hierarchical models (see e.g. Theorem and Section
verifies the general conditions for some specific likelihood families, e.g. Gaussian, binomial
and categorical, together with providing numerical simulations and extension to different
graphical model structures. Since a warm start initialization for the sampler is assumed
throughout, the availability of feasible starts is discussed in Section [6] Finally, Section [7]
discusses extensions and future work.

2 Gibbs sampler and asymptotics

In this section, after recalling basic definitions about Gibbs kernels and mixing times, we
connect the convergence of a sequence of target distributions to the convergence of the asso-
ciated Gibbs kernels. This leads to Theorem [2:4] which characterizes the limiting behaviour
of the Gibbs samplers mixing times. Throughout this section, the target distributions are
assumed to have fixed dimensionality.

2.1 Setup and notation

Let (mp)n>1 = (mn(- | Y(”)))n>1 be a sequence of probability distributions on a common
product space X = X} x --- x Xk, where each 7, is allowed to depend on some observed
data Y™ € Y™ In our applications, 7, (- | Y (™)) represents the posterior distribution of
some unknown parameter x € X conditioned on the data Y™, For the sake of brevity, we
will often omit the explicit dependence on Y ().

Let P, be the Markov transition kernel of the deterministic-scan Gibbs sampler target-
ing 7m,, defined as the product of K kernels

Pn:Pn,l"'Pn,K- (3)

For eachi € {1,..., K}, P, ; is the transition kernel on X" that updates the i-th coordinate
drawing it from its conditional distribution 7, (dz;|x(=9), where x(=%) = (z;);;, while



leaving the other components unchanged. Equivalently

Pn,i (X7 Sx,i,A) = /

Tn (dyi|x(7’-)>, ACXx, i=1,...,n,
A

with Sx; 4 ={y e X : y; =x;Vj#1iand y, € A}. Itis easy to show that P, ; is reversible
with respect to m, for every i, so that m, is the invariant distribution of P, [53] 29} [13].

Given ¢ € (0, 1), define the e-total variation mixing time of P,, with starting distribution
tn € P(X), where P(X) denotes the set of probability distribution on X, as

tg:i)m(e,un) = inf {tZ 0 : HunPfl—WnHTV < 6}, (4)

where P* denotes the t-th power of P, pu, Pt(A) = [, P}(x, A)pn(dx) for any A C X and
I l7v denotes the total variation norm. By definition, mixing times quantify the number
of Markov chain’s iterations required to obtain a sample from the target distribution m,
up to error e. We will focus on worst-case mixing times with respect to M-warm starts.
The set of M-warm starts relative to a distribution 7 is defined as

N (@, M)={peP(X): p(A) < Mnr(A)foral ACX}, M>1,r7mePX), (5
and the associated worst-case mixing times for P, targeting m,, are

) (e M)y= sup 10 (e, ). (6)
o €N (70, M)

Remark. While being common in the literature, see e.g. [14l [19, [62] for gradient-based
methods, the warm start assumption can be quite stringent and potentially unrealistic.
In particular, assuming that the algorithm can be initialised by sampling the starting
configuration from a warm start with relatively small M (e.g. one that does not grow
exponentially fast with dimensionality) may be unrealistic. In Section |§| we show that in
the specific case of hierarchical models as in a feasible start, i.e. a starting distribution
which can be implemented in practice and allows to control the value of M, is available
under some assumptions.

2.2 Assumptions on the sequence of target distributions

We consider settings where a rescaled version of the sequence (my,),>1 converges to a well
defined limiting distribution as n — oo. This is often the case in a Bayesian context where
some version of the Bernstein von-Mises theorem holds (see e.g. Theorem below). The
convergence of (m,),>1 occurs with high probability assuming the data Y™ is randomly
generated from some distribution. In particular, we assume for the rest of this section that
Y (™ is random with distribution Q(") € P (y<”>). The following assumption specifies the
convergence we require for (m,)p>1:

(A1) There exists 7 € P(X) and a sequence of transformations ¢, : X — X that act
coordinate-wise, i.e. where

¢n(x) = (¢n,1($1);-~-a¢n,K(l‘K)) ) X € X (7)
with ¢, ; : &; — A&} injective and measurable, such that
|7tn — |l — 0 asn — 0o, (8)

in Q™ -probability, i.e. such that lim, e Q™ (||7n — 7|7y > €) = 0 for every
€ € (0,1), where 7, = 7, o ¢, ! is the law of X = ¢,,(x) under x ~ m,,.



Remark. The necessity of rescaling x by some transformation ¢, in comes from the
typical behaviour of posterior distributions in Bayesian models. Indeed, without rescaling,
T, often converges to a random variable which is degenerate to a Dirac delta at a fixed
value (e.g. the underlying data-generating parameter). Thus, in order to have a non-
trivial limit and total variation convergence, which is essential for our purposes, a suitable
rescaling is needed. In our context the specific form of this transformation is dictated by
the theory of Bayesian asymptotics, see e.g. Theorem below. Moreover, we assume ¢,
to act coordinate-wise because this class of transformations leaves Gibbs samplers invariant
(see e.g. Lemma below), while general one-to-one transformations can alter the Gibbs
sampler dynamics and change its convergence speed [45].

Remark. The results we develop below could be extended to more general versions of
assumption (A1), including ones where the co-domain of ¢,, is not equal to the domain,
ie. ¢, : X — Z for some Z, and where the limiting distribution 7 is random, i.e. allowed
to depend on the sequence (Y(™),,. Since (A1) is enough for our purposes and motivating
applications, we do not consider such extensions here to keep notation simple.

Let P and P, be the kernels of the Gibbs samplers targeting m and 7, respectively.
The following lemma shows that studying total variation convergence from M-warm starts
for the sequence of kernels (P,)n>1 is equivalent to doing it for the sequence (Isn)nzl .
The proof, which can be found in Appendix C, relies on the coordinate-wise and bijective
requirements of (Al).

Lemma 2.1. Under Assumption (A1) we have

ﬂnprtl _’frn

supunPh =l = swp |

tin EN (7010, M) fin €N (Fn, M) TV

2.3 Convergence of Gibbs samplers operators

Since by (A1) the stationary distribution of P,, the Gibbs samplers targeting 7, converges
to the one of P, one may be tempted to translate such convergence at the level of the kernels,
e.g. |Pu(x,-) — P(x,-)|lry — 0 for (7-almost) every x € X'. However this is not only false
for generic Markov operators, but even in the special class of Gibbs sampler operators: one
can have |7, — 7|y — 0 as n — oo, while || P,(x,) — P(x,-)||7v - 0 for any x € X, see
e.g. Example A.1 in Appendix A. The reason is that convergence of the joint distribution
T, in total variation distance does not imply convergence of the associated conditional
distributions, that are the building blocks of the Gibbs sampler operator. However, it
turns out that a control on the total variation distance between two target distributions
is in general sufficient to control the distance between the corresponding Gibbs sampler
operators applied to warm starts. The following Proposition makes the connection precise.
Interestingly, no assumptions on the target distribution and Gibbs samplers are required.

Proposition 2.2. Let Pi and Py be the transition kernels of Gibbs samplers targeting
m € P(X) and my € P(X), respectively. Then we have

|nPy — pPsllpy < 2MK [y — gy (9)

for every pu € N (w1, M) UN (o, M) and M > 1.

Proposition translates convergence of the stationary distributions, given by (A1),
into convergence of the Gibbs samplers operators when a warm start is considered. It is
worth noting that a bound of this form cannot hold for generic Markov transition kernels.
Indeed, consider transition kernels P; and P, with the same stationary distribution 7: by
basic properties of the total variation distance it holds ||uPy — puPsllpy < 2||p — 7|7y -
The latter bound cannot be improved in general, meaning that it is possible to find ergodic
kernels P; and P, that get arbitrarily close to the above upper bound, see Example A.2 in
Appendix A.



Proposition |2.2] is used in the proof of Theorem which shows that the limiting
behaviour of P,, in terms of distance to stationarity from AM-warm starts, is completely
characterized by the behaviour of the limiting operator P. The proof of Theorem also
relies on the fact that the total variation distance between 7wy and 7 provides a control
on the distance between the two sets N (w1, M) and N (w2, M), as shown in the following
Lemma.

Lemma 2.3. Let my,ma € P(X). Then, for every uy € N(mwi, M), there exists ps €
N (1, M) such that ||p1 — pallpy < M ||y — w2l gy

Lemma implies that, under assumption (A1), for every i € N (7, M) there exists
a sequence {ji,}n such that fi, € N(7,, M) and ||fin, — fill;y — 0 as n — oo in QM-
probability. We can now state Theorem [2.4

Theorem 2.4. Let assumption (A1) holds. Then for everyt € N and M > 1 it holds
lim sup ,unPfL — Ty = sup H/]I:’t - ﬁ'” ,
N0 Y EN (M) H v AEN (7,M) TV

in Q™ -probability.

Remark. An alternative approach to derive convergence statements on the sequence of
Gibbs kernels would be to consider stronger forms of convergence for the sequence (7, )n>1
than the one in total variation distance in . However, we prefer to derive results under
weaker convergence requirements for (7,),>1 to allow for a more direct use of standard
asymptotic results in the Bayesian literature (e.g. common formulations of the Bernstein-
von Mises theorem), which are usually derived in terms of weaker metrics such as total
variation one.

2.4 Implications for mixing times

Denote the mixing times of P as

tmiz(€, M) = sup inf{tzl : HﬂptffrH <e}.
REN (7,M) TV

The following corollary of Theorem [2.4 shows how to use .., (€, M) to deduce statements

on the behaviour of the sequence of mixing times of interest, (tfgl)x (&, M))p>1.

Corollary 2.5. Let assumption (Al) holds. If (M,e) € [1,00) x (0,1) is such that

timiz (€, M) < 00, then

Qm (t(”) (e, M) < fmiw(e,M)) 1 (10)

asn — oo. Otherwise, if (M, €) € [1,00) x (0,1) is such that (e, M) = oo, then it holds
QU (t), (e, M) < T) =0

as n — 0o, for every e < e and T > 0.

Remark (Mixing times bounded in probability). When #,,;, (e, M) < oo, the statement in

implies that ) (e, M) = Op(1) as n — o0, i.e. that the sequence of random variables

(tgsi)x(e,M ))n>1 is bounded in probability. The latter means that for every 6 > 0 there

exist an integer N5 and a real constant Bs < oo such that Q™ (tfsi)x(e, M)<Bs)>1-96
for every n > Ny, which holds by taking Bs = tpiz(€, M).



By Corollary establishing whether P is ergodic (in the sense of yielding finite mixing
times) or not is enough to discriminate between sequences of kernels (P, ),>1 whose mixing
times diverge as n — oo as opposed to ones that do not (see e.g. Figure [4| in Section
for an illustration). Since ergodicity of Gibbs samplers can be established under very mild

assumptions [54], in practice one can expect P to be ergodic and thus (tg;z)w (e, M))n>1 to
be bounded in probability whenever (A1) holds for a well-behaved, non-singular limiting
distribution 7. Sections [] and [5] combine Corollary with dimensionality reduction
techniques to provide results on Gibbs samplers targeting high-dimensional hierarchical

models.

Remark (Alternative metrics). It is natural to wonder whether the result of Corollary
may hold for weaker metrics, like the one induced by the Wasserstein distance. However,
it is possible to find examples where the convergence of the stationary distributions (in
Wasserstein distance) does not imply convergence of the associated mixing times (neither
the ones defined based on the TV distance nor the ones defined based on the Wasserstein
one). The intuition is that the limiting distribution in weaker metrics (e.g. Wasserstein,
weak convergence, etc) may ignore features of the joint distribution, such as full conditionals
behaviours, that have a relevant impact on Gibbs sampler dynamics. For example, a
sequence of increasingly correlated random variables (whose Gibbs samplers converge slower
and slower) may converge to a single point mass, for which independence and immediate
convergence automatically holds. See Example A.3 in Appendix A.

2.5 Explicit limiting bounds

Corollary can also be used to derive quantitative bounds on the limiting behaviour of

the mixing times (tggz)m (e, M))n>1. In particular, if one is able to establish explicit bounds

on . (€, M), then implies a corresponding bound in high probability on tfgl)z (e, M)
for large n. While deriving quantitative bounds on Gibbs samplers mixing times is in
general hard, the limiting distribution 7 is often more tractable than the original sequence
(Tn)n>1, & common case being the one where 7 is multivariate Gaussian while (my,)n>1
is not. In those scenarios explicit bounds on fmim(e,M ) can be derived using available
results on the convergence properties of Gibbs samplers targeting multivariate Gaussian
distributions, see e.g. [I 33, [55]. For example, Theorem 2 in [I] provides an explicit bound
for deterministic scan Gibbs samplers on Gaussian targets in L2-distance (and therefore
total variation [2]).

In Sections [4] and [5| we will apply this strategy mostly to cases where K = 2, meaning
that P is a two-block Gibbs sampler. In this situation, one can use spectral gaps to bound
Gibbs samplers mixing times, as shown in the Corollary Given a m-invariant kernel P
with m € P(X) we define its spectral gap as

Sz [f(y) = f(x)] 7(dx) P(x, dy) }

Gap(P) = inf
ap(P) f:ﬂ(f2)<é?,\/arw(f)>0{ 2Var,(f)

where f : X — R are measurable functions, n(f) = [, f(x)7(dx) and Var,(f) =

S lf(x) — 7(f)]> 7(dx). We refer to [59] and the proof of Corollary for discussion
on why spectral gaps, which are commonly used for 7-reversible chains, can be used to
analyse two-block Gibbs samplers, which are technically not reversible. We also note that
Corollary is only one possible approach to bound ,,;; (¢, M) and that any quantitative
bound on the latter can be combined with Corollary to deduce limiting statements on

(t5) (e, M))p>1.

mix

Corollary 2.6. Let K = 2, assumption (A1) be satisfied and Gap(P) > 0. Then, for every



(M,e€) € [1,00) x (0,1) it holds

log(M/2) — logge)
—log(1 — Gap(P))

QM (tfgi)m(e,M)Sl—l— )—>1 asmn — oo.

Given the result of Corollary it is natural to ask whether the convergence proved
in Theorem could be rephrased in terms of spectral gaps, i.e. Gap(P,) — Gap(]s).
However, once again, convergence in total variation is too weak for this purpose: indeed it
is not difficult to find examples where (A1) holds and the associated Gibbs sampler spectral
gaps do not converge, even under the stronger condition requiring || P, (x, -) — P(x, -)||ry —
0 for any x € X, see Example A.4 in Appendix A. Controlling directly the spectral
gaps would require extremely stringent conditions on the convergence of 7, to 7 that are
rarely satisfied (e.g. uniform convergence of the associated densities on the log-scale, i.e.
SUPycy |log Ty (x) — log ™(x)| — 0). An alternative approach to the direct warm-start
mixing time analysis that we perform here, would be to consider asymptotic behaviours of
approzimate spectral measures, such as approximate spectral gaps, see e.g. [3] 62].

3 Illustrative example: fixed-dimensional parametric
models

We first consider the fixed-dimensional case. While this is not our main interest or moti-
vating application, it allows to show the type of results we will derive and also introduce
notation about classical Bayesian asymptotic results that we will use. In this setting
7, (de) = p(dyy | Y™) is the posterior distribution of the Bayesian model defined as

Yo X f(Y [9), ¢~ po(), (11)

where ¢ = (Y1,...,¢k), with X € R and Y = (Y3,...,Y,), with Y; € ¥, i =1,...,n,
so that Y(") = Y. Moreover, if Y; id Q for some Q € P(Y), we denote with Q™ and
Q) the associated product measures. We study the mixing times of the Gibbs sampler
that updates one coordinate of ¢ at the time as n grows. In order to apply the results
of Theorem we need a suitable transformation of v, that is given by the celebrated
Bernstein-von Mises Theorem, which we now recall. The version we provide here, which
makes stronger than needed assumptions, can be obtained combining Theorem 10.1 in [64],
with other remarks in Chapter 10 therein, incuding Lemmas 10.4 and 10.6.

Theorem 3.1 (Bernstein-von Mises). Consider model and let the map p — f(- | ¢) be
one-to-one. Let the map ¢ — \/f(y | ) be continously differentiable for everyy € Y, with
non-singular and continuous Fisher Information Z(v). Let the prior measure be absolutely
continuous in a neighborhood of ¥* € X with a continuous positive density at ¥*. Finally,

let U be a compact neighborhood of ¥* for which there exists a sequence of tests u, such
that

[t ow) TL G |0 =
y(n) =1

n

sup/ [1—un(y1,...,yn)]Hf(dyi|¢)—>0, asn — oo.
YW Jy) ey

(12)

Then, if Y; a Qu~ fori=1,2,... with Qy- admitting density f(y | ¢*), it holds

H£ (d 1Y) = N (@71 (0") Anpe, T (7)) HTV S0, as n — 0o

n fof)—pmbabz'lity, where ¢ = Vn(p —*) and A, - = ﬁ Sor Vieg f(Yi | w)’w:w*.



Remark. Differentiability of /f(y | %) and continuity of Z(1) imply that the model is
differentiable in quadratic mean, which allows to prove local asymptotic normality of the
log-likelihood function. See Theorem 7.2 and Lemma 7.6 in [64].

Remark. A test is a measurable function u : Y™ — [0,1]. The integrals in represent
probabilities of errors of first and second kind, respectively, when the null hypothesis Hy :
1 = ¥* is rejected with probability u(y1,...,yn).

Loosely speaking, Theorem implies that, if the model is well-specified and ¥ is
suitably rescaled, the posterior distribution converges to a multivariate normal. The result
holds under some identifiability requirements: first of all, the true parameter * must
belong to the support of the prior; moreover, we must be able to separate ¥* from the
complements of its neighborhood, given infinitely many data. Such assumption is mild in
most interesting cases and it is implied by the existence of uniformly consistent estimators
for ¢ (that is guaranteed if the support of pg is compact). See Chapter 10 in [64] for more
details. Finally, the Fisher Information matrix must be non singular.

Remark. Notice that Theoremrequires the model to be (perfectly) well-specified, which
rarely happens in practice. However there exist extended versions for the case of misspec-
ified likelihoods [34], where the limiting distribution is still Gaussian with a different co-
variance matrix. Indeed, we expect the results of this and the following sections to hold in
a similar way under misspecification: of course the different limiting distribution will have
an impact on the final result, especially in the application of Corollary

We can now use Theorem [2.4]and Corollary 2.5]to bound the mixing times of the Gibbs
sampler associated to model as n diverges.

Proposition 3.2. Let model satisfy the hypotheses of Theorem and let P, be
the Gibbs sampler kernel targeting m,(di) = p(dy | Y ™) by updating one coordinate
of v = (¢Y1,...,0K) at a time. Then, for every (M,e) € [1,00) x (0,1) there exists
T (v*, e, M) < oo such that

Tim QU (1) (e, M) < T (v, e, M) = 1.

Proposition [3.2] shows that, under the conditions of Theorem and starting from
an M-warm distribution, the number of iterations required to get e-close to the posterior
distribution does not grow as n — co. An application to the normal model with unknown
mean and precision is given by Corollary C.7 in Section C.10 of Appendix C.

The main take-away of this Section is that, under relatively mild conditions, the Gibbs
sampler behaves well with models of fixed dimensionality and growing number of observa-
tions. In the remaining of the paper we consider the more challenging setting of hierarchical
models, where the number of parameters grows with the number of observations: in par-
ticular we will explore situations in which the number of required iterations remains fixed
even with a growing dimensionality of the problem.

4 Hierarchical models with exponential family priors
and generic likelihood

We consider a general class of hierarchical models, with data divided in J groups, each
having a set of group-specific parameters ¢;. The latter share a common prior with hyper-
parameters 1. Recalling 7 the model under consideration is

iid

Yil0;~f(10;), 6;lv~p([v¥), ¥~pol) (13)
We assume that the prior for §; € R belongs to the exponential family, that is

S
p(0 | ) = h(f)exp {Z 1s (1) T5(0) — A(i/})} ; (14)
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where ¢ € RP, h : R® — R, is a non-negative function and n,(v)), T5(#) and A(z)) are
known real-valued functions with domains R”, R¢ and RP respectively. We will always
assume the family to be minimal, that is both (91 (¢),...,ns(¥)) and (T1(0),...,Ts(9)) are
linearly independent. On the other hand, we let f(y | 8) be an arbitrary likelihood function
with data y € R™ and parameters § € R, dominated by a suitable o-finite measure (usually
Lebesgue or counting one).

Denoting 8 = (01,...,05), Y1.; = (Y1,...,Yy) and w;(d0,dy) = L£(d8,dy | Y1.), we
are interested in studying the two-block Gibbs sampler targeting 7;(d0, dw)), i.e. the kernel
defined as

P, ((9@—1)71/}@—1)) ’ (d0<t>,d¢(t>)) — <d9(t) |¢<t—1>) T (dw“) |0<t>) . (15)

Throughout Sectionwe denote by (B(t), w(t)) +>, the Markov chain with operator Py, and

by /) the associated mixing times, i.e.

mix

/)

mixr

() =inf {t >0 1 [|uP) =7yl py <€}, (e, M) = S t57) (e, 1).
HEN (7 s,

4.1 Dimensionality reduction

In order to apply Corollary to characterize tggz, we would need to study the asymp-
totic distribution of m; as J — oo. The latter is a distribution over ¢J + D parameters,
therefore its dimensionality grows with the size of the data. However, the next lemma
shows that the convergence properties of P; can be described through a Gibbs sampler

on an intractable, but fixed-dimensional target, namely #;(dT,dy) = £ (dT,dy | Yi.5)
where T = (zjzl Ty(0)), - > Ts(ej)), with T, as in (T4). Let (T®,p®) . =
(T(6®), w(t))t>1 be the stochastic process obtained as a time-wise mapping of (6, (*))

t>1
under (0,¢) — (T(6),1). The latter process contains all the information characterising

the convergence of (G(t), ’(/J(t)) />, 10 the sense made precise in the following lemma. Below

we denote by P the kernel of the two-block Gibbs sampler targeting 7.

Lemma 4.1. For each J > 1, the process (T(t),w(t))t>l is a Markov chain, its transition
M)

kernel coincides with Py, and its mizing times ol SGEISTY
sup  t5) () = sup  iL)(e,v) (M,€) € [1,00) % (0,1).
HEN (7 7,M) veN (75,M)

Remark (Prior and likelihood assumptions). In order to reduce the dimensionality of
the Markov chain under consideration, Lemma requires the existence of sufficient
statistics only for the prior density of the group-specific parameters. It does not re-
quire any condition on the likelihood function in model (13). In particular, we have
L(dY|60,Y1.5) = L(dy | T(0),Y1.5), while £(dY7.5|0,¢) # L(dY1.; | T(6),v) in gen-
eral.

Lemma allows to focus the analysis on the convergence speed of (T(t)7¢(t)) i1
which is a chain whose dimensionality does not grow with the size of the data. Note that
its target distribution 7; is usually not available in closed form, and the corresponding
two-block Gibbs sampler P; cannot be implemented directly (unless by implementing the
original algorithm P; and keeping track of (T®,®) /1) In this sense the latter chain
is useful for convergence analysis purposes but less so as an algorithmic shortcut.

The result of Lemma [£.1] is a peculiar property of the Gibbs sampler, which naturally
ignores ancillary information about v in 6. Indeed, the proof of Lemma [4.1| crucially
relies on the fact that the algorithm is performing exact conditional updates and analogous
reductions do not occur for most other MCMC schemes (e.g. Metropolis-Hastings based
schemes, including gradient-based ones).

11



This dimensionality reduction trick can be applied beyond hierarchical models and has
already been employed in similar settings, mainly with the idea of obtaining suitable drift
functions [58]: for example, in [48] it is used to derive the convergence complexity of a
data augmentation algorithm for the Bayesian probit regression model, while in [50] a
similar tecnique allows to study the geometric convergence rate of a Gibbs sampler for high
dimensional Bayesian linear regression.

4.2 Regularity assumptions and main result

In order to apply the techniques of Theorem [2.4] we need to provide an asymptotic charac-
terization of 7 ;. To do so we require the technical assumptions listed in this section. The
assumptions will be verified in specific examples in Section and

The approach we use to analyse 77, which is discussed after Theorem [£.2] is based on
the decomposition 7 ;(dT',dv) = & ;(dyp)7&;(dT | ¢). The first set of assumptions contains
standard regularity and identifiability conditions to study the marginal distribution 7 ;(d)).
In particular, assumptions (B1)—(B3) allow the application of Theoremto the posterior
distribution of . Their applicability has been discussed in Section We denote the
marginal likelihood of the model, obtained by integrating out the group specific parameter
0, as

o1 0)= [ 100001 )00, (16)

and its Fisher Information matrix as
Z(W)] g = E{{@wd logg(Y | ¥)} {0y, logg(Y |¥)}|, d,d =1,...,D.

We will assume the following:

(B1) There exists 1)* € RP such that Y; S Qy- for j =1,2,..., where @y~ admits density
g(y | ¥*). Moreover the map 1 — g(- | ¥) is one-to-one and the map ¢ — /g(z | ¥)
is continuously differentiable for every x. Finally, the prior density pg is continuous
and strictly positive in a neighborhood of ¢*.

(B2) There exist a compact neighborhood ¥ of 1* and a sequence of tests u; : R™/ —
[0,1] such that [, u; (y1,...,y7) H;.Izl g(y; | ¥*)dy1.; — 0 and
SUPygy Jgms (1= 5 (W1, u)] T17=y 9(ys | ) dyres — 0, as J — oo.

(B3) The Fisher Information matrix Z(v) is non-singular and continuous w.r.t. .

The second set of regularity assumptions (B4)-(B6) are described and discussed in
Appendix B. They deal with smoothness and regularity of the conditional distribution
77(T|) and they allow to derive a suitable conditional Central Limit Theorem in total
variation for 7;(T'|¢) as J — oo.

We can now state the main result of this section. Below we denote the product measures

associated to Q= by QE;,J*) and Qgpof)-

Theorem 4.2. Consider model and the Gibbs sampler defined as in , with mizing
times tfq;]i)m(e,M). Then, under assumptions (B1)-(B6), for every (M,€) € [1,00) x (0,1)

there exists T (¢¥*, e, M) < oo such that
QY (K0 (e, M) < T (@7, 0)) = 1,

as J — oo. It follows that )

mix

(e, M) = Op(1) as J — co.

Remark. Theorem provides a formal proof of the linear in J cost for Gibbs samplers on
hierarchical models. Indeed, it proves that a bounded (in J) number of iterations suffices to
get a good mixing: assuming that the cost of a single iteration scales linearly with J, which

12



is typically the case, this implies an overall computational cost of order Op(J). Note that
a single evaluation of the likelihood of (8,1)), or the associated gradients, which is required
at every iteration of usual gradient-based methods, yields a cost of the same order.

Remark. The conclusions of Theorem are similar in spirit to those of [32, Thm.1]. Also
there the convergence of Gibbs Samplers targeting two-level hierarchical models is studied
using tools from Bayesian asymptotics. The results therein, which deal with convergence
of ergodic averages when the algorithm is started in stationarity, are quite different from
ours, which deal with mixing times. Nonetheless they also support the idea that Gibbs
samplers targeting two-level hierarchical models can exhibit Op(1) convergence as J — oo.

4.3 Posterior convergence lemmas for Theorem

The proof of Theorem can be found in Appendix C. It relies on Lemma which
allows to focus on the two-blocks Gibbs sampler targeting # ;(dT',dv), and on Lemmas
and [4.4) below. These two lemmas imply that #;(dT, dy) satisfies assumption (A1) as
J — oo and that the associated limiting kernel is ergodic, thus allowing to apply Corollary

In order to prove (A1) for 7 ;(dT,dyp) = L (dT,de | Y1.5), we need to identify a suitable

transformation of (T, ), denoted by (T, ¥). We define a one-to-one transformation of
as

J
b=VIW—) Ay, A= jj;zlw*moggm 6"). (17)

The asymptotic distribution of 1& follows directly through Theorem as summarized in
the next lemma.

Lemma 4.3. Define ¢ as in (T7). Under assumptions (B1) — (B3) it holds

|e@d 1 v =N (.27 w)||, =0,

as J — o0, in fof)—pmbability.

Let MO (@ | y) = (M@ | y)..... MO @ | 9)) € RS with MIV(¥ | y) = BIL.(6;) | Y; =y, v]
and

O, a = By, [0, (6 1))] . V@)L, = By, [Cov (Tu(6,). Tu (6;) | V.16,
(18)
with 5,8’ = 1,...5 and d = 1,...,D. We use the notation Ey,[-] for expectations with

respect to the law of Y; as defined in (B1). Then we define a one-to-one transformation of
T as

.1 2 . .
T:ﬁ;[T(ej>-M<” (W* 1Y;)| = C(¥")Ay, (19)

with C(¢*) defined in . The next lemma proves the required asymptotic normality of
T, conditional to v .

Lemma 4.4. Let T be as in (19). Under assumptions (B1)-(B6) for every ¥ it holds
e 1 Y, d) = N (c@wd V)| —o.

as J — oo, for Qgif)—almost every (Y1,Ya,...).

Lemma C.18 in Section C.14 of Appendix C combines Lemmas [£.3] and [£.4] to prove
that £(dT,+ | Y1.;) converges in total variation to a multivariate Gaussian vector with
non singular covariance matrix, which allows to apply Corollary as desired.
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Remark. The definition of T' and Lemma are an important part of the proof of Theorem
. Lemmarehes on the fact that, conditional to 1/1 and Y7.;, T is a sum of independent
(but not identically distributed) terms. The proof of convergence in total variation requires
more than the usual tools from Lindeberg-Feller Central Limit Theorem, as discussed in
Appendix B after assumptions (B5) and (B6).

4.4 Analysis of the limiting chain
As a byproduct of the proof of Theorem it is possible to characterize the limiting

distribution of the rescaled vector (T, 1/3), as the next proposition shows.

Proposition 4.5. Consider the same assumptions of Theorem[{.Z Then

HL(dT, & | Yi.s) — N (0, E)HTV =0,

as J — oo, in beof)-probability, where
V(") + C Iy CT(w*)  CWM)I (")
3= (20)
I )CT(vY) (%)
with C(¢*) and V(¢*) defined in (38).

The expression for the limiting covariance in can be used to investigate the con-
vergence properties of the limiting Gibbs sampler, since the spectral gap is explicitly com-
putable from that. We can then apply Corollary and obtain the following result.
Corollary 4.6. Under the assumptions of Theorem[4.3, for every (M, e€) € [1,00) x (0,1),
we have Qw* ( ) (e, M) < T (v*, e M)) — 1 as J = oo, with

mix

log(M/2) — log(e)
—log (1 —~(¥*))’

. \; eigenvalue of V1(1/1*)0(1/)*)11(1/1*)CT(¢*)}-

T (" e, M) =1
v )mln{w

Thus, once the limiting distribution is obtained, an upper bound on the mixing times
can be derived by computing the eigenvalues of a S x S matrix. As an application, the
next corollary provides the value of v when S = D = 1.

Corollary 4.7. Consider the same setting of Corollary[{-6, with S = D = 1. Then we
have .
Vary, (E[T'(0 ‘)Iiﬁ Y1)
Var (T(0;) | ¥*)
By the law of total variance, we have that v(1*) — 0 if and only if

Vary, (E [T(0;) | ¥*,Y;])
E [Vary, (T(6;) | v*,Y;)]

(") = (21)

— 0,

i.e., loosely speaking, when the data Y; yield little information about 7'(f;) and therefore
about ¢. This phenomenon arises since model ([13)) is an example of centered parametriza-
tion, see e.g. [23] 43 [44]. The formula in esembles the definition of the so-called
Bayesian fraction of missing information [35], with the notable difference of not involving
an infimum over a set of test functions.
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5 Examples

In this section various examples, which differ by the choice of likelihoods and priors, are
discussed.

5.1 Hierarchical normal model
Consider the following hierarchical specification:
Yjil0;~N(0;,7"), i=1....m, j=1,...,J
0j|u,7'11fi3N(u,71_1), ji=1,...,J (22)
(1, 71) ~ po(*) -

where (u,7) are unknown hyperparameters. In this section we assume 79 to be fixed
and known, see Section for the case with 79 unknown. The prior pg can be any
distribution satisfying the assumptions stated in Proposition below. It can be seen
that is a particular case of model (L3), with f(Y; | 6;) = [T, N(Yji | 6;,75"),
p(- | 1, 71) = N(p, 7, 1). The marginal likelihood of Y; conditional to (u,71,7p) is given by

9y | p71,m0) = N (y | p, 7o 1+ 7 'H) y € R™, (23)

where [ is the m x m identity matrix and H is the m x m matrix of ones.

We consider three Gibbs sampler specifications, which vary depending on which pa-
rameters are unknown and treated as random and which blocking rules are used. First,
when 7 is fixed, we define P; as the transition kernel of the Gibbs sampler that targets
L£(d6,dy | Y1.7) by alternating updates from £ (d6 | p,Y1.7) and £ (dp | 8,Y7.7). If instead
w and 7 are unknown, we define P, and Pj as the transition kernels of the two Gibbs sam-
plers targeting £ (d@,du,dr; | Yi.s) by alternating updates from £ (d@,du | 71,Y1.s) and
L (dTl | 07M7Y1:J) for PQ; and £ (dO | T1, YLJ), L (d‘LL | 0,’7’1, Yl:(]), L (d’Tl | 0,/,1,, Yl:J) for Pg.
In the following we will show that the asymptotic behaviour of P, and Pj is essentially the
same.

It is possible to prove that P falls directly in the setting of Theorem with T'(0;) = 6,
for P;. Even if P, and P are not exactly particular cases of the general theorem, since
different update schemes are considered, it turns out that they can be studied with the
same tools introduced in the previous section, with T'(6;) = (6;, (6; — u*)?).

The next proposition shows that the settings introduced above lead to well-behaved

asymptotic regimes. Here ¢ (e, M) denotes the mixing times of the Gibbs sampler

defined by P, with 1 € {1,2,3}.
Proposition 5.1. Let Y; ad Quy+, with Q- admitting density g(y | ¥*) as in , where
v = (u*, 71, 75), and consider model with 79 = 75. Consider the Gibbs sampler
with operator Py, with 1 € {1,2,3}, and let the prior density py be continuous and strictly
positive in a neighborhood of p* when I = 1 and (u*,77) when | € {2,3}. Finally, when
l=11let =71F. Then for every (M,e) € [1,00) x (0,1) there exists T; (¢¥*, e, M) < o0
such that

Q) (tfii)x’l(e,M) <T (z/)*,e,M)) 1 as J — oo, 1=1,2,3.  (24)
Under model , the matrices in Corollary can be explicitly computed, leading to
the following result.
Corollary 5.2. Under the same assumptions and notation of Proposition for every
(M,e) € [1,00) x (0,1), holds with
log(M/2) — log(e)
—log (1= m(¥*))’

T (" e, M) =1+ 1=1,2,3,
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where

*k
1

-1
) = (14 25) T and ) =0 =), (25)
mr;

The expressions for the asymptotic gaps in are insightful in many ways. First, u*
does not appear in any of the spectral gaps, meaning that the limiting value of the mean
parameter seems not to play a role in the asymptotic behaviour of the Gibbs sampler.
Moreover, the gaps are a function of the ratio (m7§)~ 17}, that is the ratio of the prior
and likelihood precisions, respectively. In particular the gaps converge to 0, i.e. the upper
bound on the mixing times diverges, if and only if (m7g)~!rf — oo, which happens when
the prior is increasingly more informative than the data. As discussed after Corollary
such phenomenon arises since all the three formulations are an example of centered
parametrization [23, 43]. On the contrary, the gaps converge to 1, i.e. asymptotically a
single iteration suffices, if and only if (m7¢)~tr — 0.

When 71 is fixed and po(p) is Gaussian, then £ (d@,du | Y7.s) is a multivariate Gaussian
and P; is amenable to finite-sample analysis. In fact, the expression for ~;(¢*) appeared
previously in the literature, see e.g. [43]. The result in Corollary is, however, different
since it is asymptotic and it applies also to general priors.

On the contrary, a finite-sample analysis of P, are P3 is hard even when pg(u) is
Gaussian (see e.g. [30, @9 [67]) and ~2(¢p*) and 73(3*) did not appear previously in the
literature, to the best of our knowledge. It is interesting that, regardless of the value of
(m, p*, 7, 75), including the random precision parameter, when moving from P; to either
P, or P;, always slows down the sampler (asymptotically), since ;1 (¢¥*) > ~;(¢*) for
1 = 2,3, and that the two blocking rules of P, and Ps are asymptotically equivalent in
terms of mixing times, since y2(1*) = y3(1*).

5.2 Models with binary and categorical data

Let now f(y | 0) be a probability mass function, whose point masses are denoted by

Yo, - - - » Ym, With m < 0o, such that for every § € RX we have
> fwel0)=1, f(y-10)>0, r=0,....m. (26)
r=0

The assumption in is mild and holds for most likelihoods usually employed with
categorical data, e.g. multinomial logit and probit. We focus on hierarchical models with
normal priors, i.e.

iid _
}/j|9JNf()/J|0j)7 01750J‘.[1“?7_NN(:U‘7T 1)7 (M7T)Np0() (27)

For example the case f(y | ) = (T;)%, with 4 = 0,...,m, corresponds to the logistic
hierarchical model with Gaussian random effects. The prior py can be any distribution
satisfying the assumptions stated in Proposition [5.4] below. We define P as the transition
kernel of the Gibbs sampler that targets £ (d@,du,dr | Y1.5) by alternating updates from
L£(d0 | p,7,Y1.5) and £ (dp,dr | 0,Y7.;). This is a particular case of the setting of Theorem
with ¢ = (u, 7) and T'(6;) = (;,607). Notice that usually £ (d6 | s, 7, Y1.) is not known
in closed form (with the notable exception of the probit case, see [17]), but nonetheless exact
sampling is often feasible through adaptive rejection sampling (see e.g. [26]) since each 6,

is one dimensional. The marginal likelihood is given by

oo 10)= [ S 10N (8] n) ao (29)
The next lemma shows that assumptions (B4)-(B6) follow directly from (27).

Lemma 5.3. Consider model and let Y} u Qy+, with Qu~ admitting density g(y | ¥*)
as in [28), with ¢* = (u*,7*). Then assumptions (B4)-(B6) are satisfied.
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Thus, in order to apply Theorem it suffices to prove assumptions (B2) and (B3),
i.e. that the parameters i are identifiable with non singular Fisher Information matrix.
Therefore, as formalized in the next proposition, standard identifiability conditions (which
are also necessary to consistently estimate 1)) are sufficient to prove boundedness of the
mixing times.

Proposition 5.4. Consider model (27) and let Y; e Qu~, with Q- admitting density

g(y | ¥*) as in [28), where v* = (u*,7*). Consider the Gibbs sampler with operator P and
let pog be continuous and strictly positive in a neighborhood of 1¥*. Let the map ¥ — g(- | )
be one-to-one, with non singular and continuous Z(). Finally, assume tests as in (B2)
exist. Then for every (M,e) € [1,00) x (0,1) there exists T (¢Y*, e, M) < 0o such that

Q(J)(mzm( M)ST(w*7€7M)>_>1 as J — 00.

Remark. In most cases m > 2 is required to avoid the pair (i, 7) being not identifiable
and the associated Fisher Information matrix being singular. For example Lemma C.35 in
Section C.23 of Appendix C shows that with the logit link Z(%)) is singular if and only if
m = 1.

As already discussed in the Section [T} the results of Proposition [5.4] are illustrated on
simulated data in Figure[I] Since mixing times are very hard to approximate numerically in
high-dimensions, we employ the Integrated Autocorrelation Times (IATs) as an empirical

measure of convergence time. The ITAT associated to a w-invariant Markov chain X =
{X®};5; and a test function f € L?(r) is defined as

IAT(f) =1+ QiCorr (f(X<1>>,f<X(t>)) . (29)

t=2

Loosely speaking, TAT(f) is the number of MCMC samples that is equivalent to a single
independent sample in terms of estimation of [ f(z)r(dx), thus the higher IAT the slower
the convergence. When dealing with hierarchical models as in , we compute the maxi-
mum IAT over all the parameters (both global and group specific). We estimate the IAT
with the ratio of the number of iterations and the effective sample size, as described in [27],
with the effective sample size computed with the R package memcse [21I]. For a review
of different methods to estimate the IATs, see [63]. In Figure [1] we plot the quantiles of
the TATSs as a function of the number of groups for the Gibbs sampler, implemented using
adaptive rejection sampling [26] for the exact updates of local parameters with full condi-
tionals £ (d6; | i, 7,Y1.7). As expected by Proposition the TATs do not diverge as J
increases for both values of m under consideration. Note that variability decreases as J
increases and the posterior gets closer to its asymptotic limit.

Corollary 5.5. Consider the same setting of Proposition . For every (M,e) € [1,00) x
(0,1) define
log(M/2) — log(e)

B e ()

for v(¢¥*) € (0,1) as in Corollary[{.6 Then

QY (t;{m( M)gT(w*,e,M)) +1  asJ > oo.

The study of the limiting spectral properties, i.e. of v(¢*), can be useful to predict
under which scenarios the Gibbs sampler will perform well or not for large J. We illustrate
this by considering model with logit link and known 7 set to 1. In this setting, where p
is the only global parameter, the value of v(¢*) can be computed as in through simple
one-dimensional numerical integration. In Figure |2 we compare the resulting mixing time
upper bound, T (v*, ¢, M), with the numerical estimates of TATs defined in , obtained
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Figure 2: Left: upper bounds on mixing times for model with 7 known, where 7* = 1, u* € (-3, 3),
m=1, M =2 and e =0.2. A priori p ~ N (0, 103). Right: median TATs with J = 2000.

Figure 3: Graphical models of different hierarchical structures. Left: one level nested model as in
Theorem Center: hyperparameters specifying the likelihood. Right: dependent latent parameters.

by running a long MCMC chain with a moderately large value of J. We compare such
quantities for different values of the true success probability induced by p*, ie. [, f(1 |
O)N (0 | u*,1) df. Both theoretical and empirical measures of convergence highlight that
the performances of the Gibbs sampler deteriorate when the problem is not balanced: such
conclusion is coherent with the findings in [31], that considers an asymptotic regime with
increasing imbalancedness.

5.3 Different graphical models structure

In the previous subsections we have studied applications of Theorem [£.2] for some spec-
ification of the hierarchical model in . These correspond to the graphical models in
the leftmost panel of Figure 3] While this structure is very common in Bayesian modeling
and it constitutes our main motivating application, the techniques we developed - and in
particular the dimensionality reduction and posterior asymptotic approach - can be ap-
plied to different classes of models, including other widely used ones. Here we provide two
examples, the first is a relatively direct extension of the model in with the addition
of parameters in the likelihood, the second is a more different setting of Gaussian Process
regression where the latent parameters are not independent. See respectively the center
and rightmost panels in Figure [3| for the resulting graphical models. More generally, we
expect our methodology to be potentially useful to analyse samplers for models that fea-
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ture a fixed set of hyperparameters v, conditional to which a growing set of parameters or
latent variables is tractable enough for posterior sampling.

5.3.1 Likelihood parameters

Consider again the hierarchical normal model

}/j,i | 6j77-0 ~N (9j7Tal) ) 9] ‘ M, T1 11,\(} N(M7T;1)7 (M?TDTO) NPO(')7 (30)

with ¢ = 1,...,m and 57 = 1,...,J. The unknown parameters are now given by the
triplet ¥ = (u,71,70). We denote with P the transition kernel of the Gibbs sampler
targeting £ (d@,dp, dr1,dro | Y1.s) by alternating updates from £ (d@,du | 71,79, Y1.s) and
L(dr,drg | 0, p,Y1.5). This cannot be seen as a specific case of Theorem with ¢ =
(u,71,70), since 7y is a parameter of the likelihood f and therefore there is no conditional
independence between Y; and 1, given 6;. However, an approach similar to the one of the
previous section can be employed. In particular, a result analogous to Lemma can be

derived, with T'(6;) = ((Hj — Y])Z (0 — u)2) playing the role of the sufficient statistics

and )7] = i o, Y5, Tt is interesting to notice that 7T in this case depends also on the data
Y1.s, exactly because the group specific parameters 8 do not contain all the information
regarding . The next proposition shows that also this specification leads to a well-behaved
asymptotic regime.

Proposition 5.6. Consider model with m > 2 and let Y i Qy~, with Qy- admitting
density g(y | ¥*) as in , where Y* = (u*, 7, 75). Consider the Gibbs sampler with op-
erator P and let the prior density po be a continuous and strictly positive in a neighborhood
of ¥*. Then for every (M,e) € [1,00) x (0,1) there exists T (¢¥*,e, M) < oo such that

QY (tfjﬁr(e, M) < T (4%, M)) =1 as J — oo. (31)

An explicit value for T (¢¥*, €, M) can be found through Corollary as shown in the
next corollary.

Corollary 5.7. Consider the same setting of Proposition . Then, for every (M,e) €
[1,00) x (0,1), holds with

log(M/2) — log(e)
—log (1 —y(¢*))

1 7 \° 7\ o
- (o () ()
m—1 mTg mTg

Remark. The assumption m > 2 cannot be relaxed: indeed, if a single observation per
group is available, the pair (71, 79) is not identifiable and the Fisher Information matrix is
singular. For an empirical illustration of the issues arising in this context, see the top left
panel in Figure 4] or Section 6.2 of [50].

Unlike the case of Corollary in this setting the limiting gap does not depend on
m only through the ratio of prior and likelihood precisions, but also directly on its value.
Loosely speaking, a higher value of m allows to better recover the relation between 7y and
T1-

The results of Proposition [5.6 and Corollary [5.7] are illustrated on simulated data in
Figure [ which depicts the Integrated Autocorrelations Times (IATs) as defined in (29).
When the model is not identifiable, i.e. m =1 (top left panel), the IATs diverge with the
number of groups, while with m = 3 and m = 5 they stabilize as J increases. Differently
from the binomial setting of Figure [4 the IATs grow for small values of J before the
asymptotic regime kicks in.

T (%, e, M) =1+

where
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Figure 4: Quantiles of the integrated autocorrelations times (on log-scale) for model with p* = 4,
75 =1 and 71 = 3. A priori (79, 71) N Gamma(1, 1) and po(p) o< 1. Top left: m = 1 (last points not
plotted due to numerical instability). Center: m = 3. Top right: m = 5.

5.3.2 (Gaussian processes

We now consider the popular setting where the groups are identified by a continuous covari-
ate (e.g. location) and group specific parameters are modeled through a Gaussian process.
It turns out that the main arguments of the paper, namely dimensionality reduction and
impact of posterior asymptotic characterization, can be applied also in this context. This
section, compared to the previous ones, aims to provide a proof of concept rather than a
detailed analysis, e.g. we directly assume limiting statements on the posterior distributions
of interest. Nonetheless we find it useful to show how widely our methodology could be
applied and illustrate interesting directions of ongoing work.

Assume to observe n data points Y (s;) withé = 1,..., n, at a set of locations (s1, ..., $p),
together with input variables or covariates z(s;) € R. We consider Gaussian Process re-
gression models of the form

Y(si)| B~ f(-|B(s:),2(s:)), i=1,...,n

B™ |4~ N(01, 75 R™) (32)

Y ~po().
where 8 = (8(s1),. .. ,ﬁ(sn))T is a Gaussian Process (GP) observed at (sy,...,$,) and f
is a density function with respect to a suitable dominating measure. Here 1,, = (1,...,1)"

is an n-dimensional vector and R = (Rij)i,jzl,‘...n is a n x n correlation matrix, with
R;; = Corr (B(si), B(s;)), defined through a suitable kernel function, that we assume to be
fixed and known. Typically, strength of correlation among coefficients at different locations
depends on their distance, with R;; defined e.g. through a kernel of the Matérn family (see
e.g. Section 4.2.1 in [65]). In this Section we focus on a single real covariate for notational
convenience, but everything could be restated on a general p-dimensional space with little
effort: direct analogues of the next lemma and corollaries similarly follow. We first consider
cases where the likelihood function has no specific hyper-parameters, such as in the common
binary case where Y'(s;) | 8 ~ Bernoulli(o(8(s;)z(s;))), with ¢ logistic link function and
Y(Sj) S {0, 1}.

Let P, be the kernel of the Gibbs sampler which targets 7,,(d3,df,drg) = £ (dﬁ, de, drs
by sequentially performing updates from the full conditionals of 3, # and 73. Despite the
different graphical model structure, the analysis of mixing times of P, as n — oo can
be approached with the techniques we developed above, regardless of the specific likeli-
hood used in . The first step is to perform a dimensionality reduction analogous to
the one in Section Define ¢ = (0,75) and T(8) = (Tp,Ty,), where Ty = 1T R,
T, = BT R~'3, which play the same role of global parameters and sufficient statistics in

Y(n))’
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Lemma Indeed it holds L (dd) | B,Y™) = £(dy | T(B), Y(”)) and we can provide an
analogue of Lemma for model .

Lemma 5.8. Let w, and P, be defined as above for model . Let PH be the transition
kernel of Gibbs sampler targeting 71, (dT, df, drg) = L (dT, do, drg | Y(”)) which sequen-

tially performs updates from the full conditionals of T', 6 and 75. Let (T®, dp®), dT[gt))t21
be the stochastic process obtained as a time-wise transformation of (81, d9®), dT[gt))tZL

Then (T(t), o), drﬁ(t))tzl is a Markov chain, its transition kernel coincides with f’n, and
£(n)

its mizing times t,,;. satisfy
sup tf:i)x(e,u) = sup f;?gz(e, v) M>1.
WEN (7y, M) VEN (fty, M)

Also, provided a rescaled version of (T, 6, 75) converges to a suitable limit conditional
on the data, the mixing times are bounded with respect to the number of observations.

Corollary 5.9. Under model , let 7y, satisfy assumption (Al) for a given data gener-
ating process Y™ ~ Q") with limiting distribution 7. If (M,€) € [1,00) x (0,1) is such
that timie (€, M) < oo, then it holds

QM (tS:LLZ-)I(e, M) < e (e, M)) -1 asn — 0o. (33)

In some cases the likelihood contains some unknown parameters that are also included
in the Bayesian model. A common example is the likelihood precision 7. in normal linear
models with spatially varying regression coefficients (see e.g. [22] or Section 2 in [65]), where

Y(si) | B~ N(B(si)z(si), 70), i=1,...,n. (34)

Let P, be the Gibbs sampler kernel targeting m,, (d3,d6,drs,dre) = L (dﬁ, dé,drs, dr | Y(")),
by sequentially performing updates from the full conditionals of 8, 8, 75 and 7.. Analo-
gously to Section the results of Lemma [5.8] and Corollary [5.9] extend to this context
with ¢ = (0, 73, 7) and T defined as T = (Tp, T+, T+, ), where T}, = (Y(") - Dﬁ)T (Y(”) - Dp)
and D is the n x n diagonal matrix with values (x(s1),...,2(s,)). This is summarized in

the next corollary.

Corollary 5.10. Under model with likelihood as in , assume the conditions of
Cm"ollary are satisfied with ¢ = (8,73, 7.) and T = (T97T7—5,T7-€). Then holds.

Similarly to the hierarchical normal case, studied in Section if the precisions (73, 7¢)
are fixed in specification , then the spectral gap of P, can be explicitly studied to deduce
limiting bounds on mixing times (see e.g. [0]); while if the precisions are unknown, as it is
mostly the case in applications, the performances of P, have only been empirically studied
through simulations. The methodology we introduce here can be used to formally analyze
the behaviour of these samplers as n — oo.

To conclude this section, it is important to note that in this context the kernel P,, may
or may not be directly implementable, depending on the specific model formulation. In the
commonly used linear case, the full conditional distribution 7, (d3 | ¢) is normal, so that
sampling becomes accessible and P, is directly the algorithm used to sample from m,,. See
e.g. Appendix 2 of [5] for details on the implementation, including expressions for the full
conditionals. In other cases, e.g. for log-concave likelihoods such as the binary regression
ones, adaptive rejection sampling techniques (e.g. [26]) can be used in low dimensions.
In the more general case the exact update from m,(d3 | ¢) is commonly replaced with a
Metropolis update from m,(d3 | ¥) (using e.g. a gradient-based kernel such as MALA or
HMC). In the latter case, the Gibbs kernel P, we analyse here is an idealized version of
the practically used Metropolis-within-Gibbs kernel. Under suitable (mild) assumptions,
we expect the convergence properties of this idealized scheme to provide a lower bound to
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the Metropolis-within-Gibbs schemes used in practice. Also, we expect the convergence of
the two kernels to be of the same order when the kernel used for the Metropolis updates
on the full conditional mixes fast. Providing quantitative results in this direction is an
interesting area for future work, which we are currently pursuing. This would extend
the applicability of the proof techniques developed in this work to broad classes of non
conditionally-conjugate models, such as Gaussian Processes with non-Gaussian likelihood
discussed above. See Section [7 for more details.

6 Feasible start

All the previous results are stated in terms of mixing times from worst case M-warm start,
as defined in . Since starting from g € N (wy, M) with small M (e.g. not increasing
with J) may be in principle infeasible, it is of interest to provide an explicit example of a
starting distribution that can be implemented in practice, a so-called feasible start, where
the associated value of M can be controlled. In the setting of Theorem[4.2] the properties of
the Gibbs samplers combined with the probabilistic structure of hierarchical models allow
to translate the problem of feasible starts into the one of having a good initialisation for
the hyper-parameters ¢, as we now show. Indeed, assume that the maximum marginal
likelihood estimator ©); = arg max H] 19(Y; | ), with g as in (16), is well-defined. Let

g € P (RYFP) be given by

J
g (B) = /Unlf(¢J,c/f) (dep) H 0; | Y;,1)d BCRID  (35)

where ¢ > 0 is a fixed constant and Unif (¢),r) denotes the uniform distribution over
the closed ball of center v and radius r > 0. Therefore, the initial point is obtained
by sampling from the uniform distribution around the maximum likelihood estimator for
1 and, conditional on this value, from the posterior distribution of the groups specific
parameters. The next theorem shows that this choice leads to a good asymptotic behaviour
of the mixing times.

Theorem 6.1. Consider the same setting of Theorem and let py € P (Rl‘]+D) as in
(35). Then, for every e € (0,1) there exists T (*,€,c) < 0o such that

lim 1nf Q(J) ( mz)w(e ) < T(i/)*,e,c)) =1 as JJ — 00

The difference with Theorem is in the specification of the starting distribution,
that is now made explicit. Note that whether or not p; is a feasible start in practice
depends on whether the maximum likelihood estimate 1; can be computed, using e.g. an
Expectation-Maximization algorithm, up to a O(1/+/.J) error.

Remark. By its definition in , the Gibbs sampler does not depend on the starting point
of the first block. Therefore Theorem extends to any py € P (R” +D ) such that

7 (RY x A) = Unif (1/1,, c/\/j) (4) ACRP.

7 Future works

A first natural extension in this context would be the case where no fixed dimensional
sufficient statistic is available, i.e. p(- | ¥) in does not belong to the exponential family.
Since the above dimensionality reduction does not apply there, a possibility is to study
the marginal chain induced on ; indeed the latter has the same properties of the Gibbs
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sampler on (0,v), see e.g. [52]. Also, in this work we have focused on the case with well-
specified likelihoods but, as discussed after Theorem we expect the misspecified setting
to behave in qualitatively similar ways.

Secondly, when dealing with Gibbs samplers, it is often the case that some of the condi-
tional updates cannot be performed exactly. A natural solution is to employ more general
coordinate-wise schemes, where exact sampling is replaced by Markov updates with sta-
tionary measure given by the conditional distribution. For example in hierarchical models
for categorical data (see Section7 while in principle exact conditional sampling is feasi-
ble, the parameters 6; are often sampled in a Metropolis-within-Gibbs fashion, for reasons
of computational efficiency and easiness of implementation. While algorithmically conve-
nient, the modification makes theoretical analysis significantly more involved: in particular
Proposition [2.2] ceases to hold and the dimensionality reduction given by Lemma [4.1]is not
available without exact sampling. In ongoing work we are considering a different strategy,
by providing lower bounds on the approximate conductance [36]: our preliminary results
suggest that, provided the conditional Markov updates have good spectral properties, gen-
eral coordinate-wise schemes can enjoy the same dimension-free convergence of the Gibbs
sampler. Another interesting direction would be to derive results analogous to the ones in
Section [2[ for other MCMC kernels (e.g. gradient-based ones) under appropriate regularity
assumptions on the sequence of target distribution, potentially exploiting tools from the
recent work in [11].

Finally, we expect (at least parts of) our methodology to be applicable much beyond
hierarchical models as in . For example, when fitting (finite or infinite) Bayesian mix-
ture models, it is customary to use a Gibbs sampler over a properly augmented space by
introducing latent allocation variables (see e.g. [16]): this leads to a problem of increasing
dimensionality, since the number of latent variables grows linearly with n. An asymptotic
analysis, as performed in this paper, seems accessible: indeed, posterior concentration
results are available [40] and a dimensionality reduction similar to Lemma can be ex-
ploited. However there are still significant challenges to perform a rigorous analysis in this
setting: for example posterior contraction is often proved using Wasserstein distance, that
is in general too weak for our purposes. We leave the discussion of such issues to a future
work.
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Appendix A Simple counter-examples for Section

A.1 Convergence of the stationary distribution does not imply
pointwise convergence of Gibbs operators

Let X = [0,1]? and define A,, = [@ %}, where

T,
rp=n—2 [, =2k = [logy ],

with |a] denoting the integer part of a and n > 2. Therefore {4,}, is a collection of
intervals with decreasing length, such that = € A,, infinitely often, for every x € [0,1]. We
define a sequence {m,}, C P (X) as

Lio,py(z1)dey, 22 € Ay

) n(dze) =1 o) dzs,
do(dzy), zp€ A, T (d22) = Lj,1)(22) dza

7Tn(d$1 | CUQ) = {

where 1 4(x) dx denotes the uniform measure on A. Define now
m(dxy, dze) = 1o (1) Ljo,1)(z2)dz1das
and denote C' = {0} x A,. For every B C X we have

| (B) = m(B)| < | (BN C) =7 (BNCO) [ + |m (BNC®) =7 (BNC) |
=7, (BNC) <7, (C).

Therefore we conclude
7m0 — 7|y <70 (C) =0,

as n — oo. However, if P, and P are the operators of the associated Gibbs samplers, for
every x € X it holds

[1Pn(x,-) = P(x,-)llpy = [Pu(x,C) — P(x, O,
so that, since zo € A,, infinitely often, we get
HPTL(X’ ) - P(X> ')HTV =1

infinitely often. Incidentally, it is not difficult to show that Gap(P,) = 0 for every n, while
Gap(P) = 1. Example 1.4 shows that this mismatch may hold under significantly less
pathological scenarios.

A.2 Equality of the stationary distributions does not imply close-
ness of the transition operators

Let m; = mp = 7, with 7 the standard Gaussian distribution. Moreover, let
Pi(z,))=er(:)+ (1 —€)d(-) and Py(z,)=en(:)+ (1 —€)d_z(-),

with € € [0,1). P; and P, are uniformly ergodic transition operators with invariant distri-
bution w. Let p be the truncation of 7w on the positive real numbers: it is easy to show
that u € N (m,2). However

1Py = pPs |y, = (1 =€) [1((0,00)) — p((—00,0])] =1 —e.

Moreover, it holds that ||u — 7|7, = 1/2, so that we conclude

2|p—rllpy —e < P — pPolpy < 2(p—mllpy -
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A.3 Convergence of the stationary distribution in Wasserstein dis-
tance does not imply convergence of the mixing times for Gibbs
sampler operators

Let X = R? and 7,(dx) = N(x1 | 0,1/n)N(x2 | 0,1/n)dz1dzs. Define m, to be the
truncation of 7, on the set

A = {(=00,0] x (—00,0]} | J {[0,+00) x [0,+00)}.

Let f : X — R be a Lipschitz function with constant 1. Then it holds

[ ran) = 500 ma(ax) < [ \fad +agmax) =0,

as n — oo, so that |7, — 7|y, — 0, where 7(dx) = 6(9,0)(x) and |||y, denotes the
Wasserstein distance.
If P is the kernel of the Gibbs sampler targeting 7, then it is immediate to show that

sup  uP =7y =0
neN (m,M)

for every M > 1, so that the mixing times in Wasserstein distance are equal to 1 for every
e> 0.

Instead, denote with p, the truncation of 7, on A; = (—00,0] X (—o0,0]. It is easy to
show that p, € N(m,,2), but

1
:unPTtL(Al) - 7T7L(A1) = 9

for every n and t, where P, is the kernel of the Gibbs sampler targeting m,. Since the
Wasserstein distance is stronger than the weak one, there exists an absolute constant c
such that ||p, P} — mn|ly, > ¢ for every n and t. Therefore, with e small enough and
M > 2, the mixing times of P,, in Wasserstein distance are equal to infinity for every n.

A.4 Convergence of the stationary distribution does not imply
convergence of the spectral gaps for Gibbs operators

Let X = R? and
7m(dx) = N(z1 ] 0,1)N(z2 | 0,1)dzdxs,

where N(z | pu,0?) is the density function of a gaussian distribution with mean pu and
variance o2. Define 7, to be the truncation of 7 on the set A,,, where

A” = {(_00777‘} X (—oo,n]} U {[Tl,+00) X [Tl,—FOO)} .
If P, and P are the operators of the associated Gibbs samplers, it is not difficult to show

that
HTr'IL_TrHTV — 0 and ||Pn(X7')_P(Xa')HTV =0

as n — oo, for every x € X. However, if B,, = (—o0,n] x (—oo,n| we have
7n(Bp) >0 and / P, (x, B;) m,(dx) = 0,
By,

so that Gap(P,) = 0 for every n, while Gap(P) = 1.
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Appendix B Regularity assumptions (B4)-(B6) for The-
orem

Let

MP($ | y) = E[T2(0;) | Y; =y, 9] , (36)
MP), (¢ | y) = E[TP(0,)T5(0;) | Yy =y, 9], (37)

be the posterior moments of T given ¢, denote M®) (¢ | y) = (Ml(p) W|y),... ,Mép)(@lz | y)) €
R® and

C]a = By, [00, M (01 Y7)], [VE),y = By, [Cov (T2(6;), T (6;) | Y5, )],
(38)
with 5,8’ =1,...S and d = 1,...,D. Moreover we write Bs for the ball of center ¥* and
radius 0, and denote expectations with respect to the law of Y; as defined in (B1) by Ey, [-].

(B4) The expectation Ms(p) (¥ | y) is well defined for every y and p = 1,...,6. More-
over, there exist 64 > 0 and C finite constant such that for every ¢ € Bs, it holds
By, |00, M7 0 | ;)] < €. By, [|00,00, MP w1 v)|] < €,
By, (|00 MB w1 Y7)|] < € and By, [|og, {MP @ 1 v)MPw 1 v)}|] < € for
s, =1,...,Sand d,d' =1,..., D. Finally, the matrix V (¢*) defined in (38|
singular.

is non

Assumption (B4) can be understood as a smoothness condition. The posterior distribution
of T should not change considerably, if we move from * to a sufficiently close : this
is measured in terms of the derivative of the posterior moments, that must be finite in
average. Thanks to (B4) we can prove a suitable conditional Central Limit Theorem to
show convergence of a rescaled version of T", conditional to ¥ and Y7.;.

We define the posterior characteristic function of T'(6;) = (T4(9;),...,Ts(6;)) and

S T(0)), given h,as o (¢] Yy, w) = B [T | ¥, 0] fort € RS, and o) (¢ | i, ) =
H?:l @ (t|Y;,), respectively. We will assume:
(B5) There exist k > 1 and d5 > 0 such that

sup /
$€EBs; JRS

for almost every Yi,..., Y% u Q-

(B6) There exist k' > 1 and dg > 0 such that

So(k/) (t | Yl:k’7¢)‘ < ¢(€)7

2
o) (¢ Vi, 0| dt < oc,

sup sup
YEBsg |t|>e

for almost every Yi,...,Y}s = Qy+, with ¢(e) < 1 for every € > 0.

Assumptions (B5) and (B6) allow the convergence of T to hold for the total variation
distance, that is stronger than the weak one, proved through (B4). Loosely speaking,
integrability of the characteristic function and its strictly positive distance from 1 guarantee
that the distribution is far from being discrete: the latter is exactly the case where weak
convergence does not translate to stronger metrics. The problem of proving Central Limit
theorems in total variation distance has received considerable attention over the decades:
it can be tackled with Fourier-based techniques [47, [61], as we do here, but also with Stein’s
method (see [60] for a survey), Malliavin calculus (e.g. []) or through bounds based on
entropy (e.g. [9]). Conditions (B5) and (B6) are somewhat reminiscent of the ones in
Theorem 19.3 in [g].
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Appendix C Proofs

C.1 Statement and proof of Lemma
Lemma C.1. Let N C P(X) and m € P(X). Then

sup inf {t >1: ||/LPt — 7T||TV < e} = inf {t >1: sup Hth — 7rHTV < e},
HEN HEN
for every Markov transition kernel P.

Proof. Let

t) = sup inf {t >1: ||,uPt - 7r||TV < 6}, t?) = inf {t >1: sup ||,uPt - 7r||TV < e}.
HeEN HEN

Assume (1) < co. Then H,uPt(l) — 7TH y < € for every p € N. This implies
T

®
sup HuPt —7TH <€,
HEN TV

ie. t? <t With a similar reasoning, if t?) < oo we have t(!) < ¢(2). Therefore
t1) =t if either t(M) < oo or t?) < 0.
Assume now t(!) = oo and fix t* > 0. By definition of ¢(!) there exists y € A" such that

t*
o o]

that implies

sup H,uPt* — 7TH > €,

HEN TV

ie. t) > t*. Since t* is arbitrary, we have t(2) = co. With a similar reasoning, if t?) = co
it holds ¢tV = co. O

C.2 Statement and proof of Lemma

Lemma C.2. Let M > 1, 7 € P(X), p € N(7,M) and P be a w-invariant Markov
transition kernel. Then pP* € N'(mw, M), for every t € N.

Proof. Let A C X. Since p € N(m,M) and P is w-invariant, we have (uP)(A) <
M(nP)(A) = Mn(A). Thus uP € N (m, M) and the result follows by induction on ¢. [

C.3 Proof of Lemma [2.1]
Proof. Let P,=P,o ¢, 1 be the push-forward operator of P, under ¢,,, defined as

Pu(x,B) = P, (¢, (x), ¢, " (B)) (39)

for every x € ¢,(X) and B C X. Since ¢, is an injective transformation, P, is a
well-defined Markov transition kernel (see e.g. Lemma 1 in [42]). Moreover, since ¢, is
coordinate-wise as in we have P, = P, ;... P, ik, where

Pri (% Sxi.4) = P ((b;l(x)’ S¢;1(x),i,¢;,i~,(A>) - /¢—1.(A) o <dyi | ¢;1(X)H)>
= / Tn (dyi | X(_i)) , ACA;,
A
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so that P, is exactly the operator of the Gibbs sampler targeting 7, i.e. P, = P,.
Therefore, since ¢,, is an injective transformation, by Corollary 2 in [52] we have

Pl = |y = |

)
TV

with fi, = pn 0 ¢,;t. To conclude the proof, we show that ji,, € N (7,, M) if and only
if u, € N (7, M). Indeed, to prove the implication from right to left, by definition of
push-forward measure we have

) jﬂ(x) Tn(dx) < M, (¢, (A)) = M7,(A),
= (A) 4T

i) = (9 (4)) = [
for every set A C X. Equivalently we obtain the other implication. O

C.4 Proof of Proposition

For any 7 € P(X) and Q Markov transition kernel with state space X', we define (7 ® Q) €
P(X x X) as

(2 Q) (B) = /B Q(x, dy)m(dx)
for every B C X x X.

Lemma C.3. Let m,m5 € P(X) and Q be a Markov transition kernel with state space X.
Then
[m1®Q —m @ Qllrv = [|m1 — maflrv.

Proof. By definition of total variation distance we have
[m1®Q —m® Qllry

| reyQedanmx) - [ Qe dym(x)
X

X xX

[ ([ rsmaman)mi@ - [ ([ sxmamay)) i

= sup
f:XxX —[0,1]

= sup
f:XxX —[0,1]

< swp / g()m (dx) — / g(®)ma(dx)| = [l — mallzy-
g: X —=[0,1]lJx X

Also, taking f(x,y) = g(x) for every (x,y) € X x X we have

[ om0 = [ gtomax

|m1 — m2llry = sup
g: X —[0,1] X
< s yQidymidn) < [ fxy)Qx dy)mald
frXxX —=[0,1]|lJxxXx XXX

=|m®Q —m®Q|rv.
O

For j = 1,2, denote the kernel of the Gibbs sampler targeting m; as P; = Pj1... Pj K,
where

Pj,i (X, Sx,i,A) = / m; (dyl | X(ii)> s ACX
A

with Sx;a={y € X : y; =z;Vj #iand y; € A} as in the main. By definition, P;(x, dy)
depends only on x(~%. Thus we can define (ﬂ'(’i) ® Q) epP (X(’i) X X) as

(w(_i) ® Pi) (B) = /BPi (x(_i),dy) T (dx(_i)> ,
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for every B € X(©9 x X and similarly for
(7#—1) ® P) eP (X(_l) x X) and (7D e[[P ]| eP (XH) x X) ,
i>i
with i =1 ..., K. Given this notation we have the following Lemmas.
Lemma C.4. We have
InPr =Py <M V0P —ai Ve R
for every u € N(wo, M) and M > 1.

Proof. By definition of total variation distance

[ rniay) - [ f(y)uPz(dy)’-

|uPr — pPsllpyy = sup
f:xX—=10,1]

Then, by definition of N (me, M), it holds

|uPr — pPsllrv
f(Y)/ dp=Y B -
=M su NYa xCN P (xY dy)my (dxD
f:X%p[O’l] k M Jycn dT(é_l)( )JPi( y) 2( )
f(Y)/ du(™) (-1 (-1 (-1)
_ [ Y P d q
/X M Jyen dﬂ'é_l) (x ) 2(X ) Y)ﬂ'2( b ¢ )
<M sup / g(x(*l),y)Pl (X(fl),dy) o (dx(*l))
g: XD xx o [01]lJx D xx

7/ g(x(il)ay)PQ (Xilady) T2 (dX(71)> ‘
xX—Hxx

B
TV

O
Lemma C.5. We have
®HP173_7T2 ®HP23 §2||7T1_7r2||TV
Jj>i j>i TV
+ ng(wl H Py _772 S H Py
j>i+1 j>i+1 TV
(40)
foreveryi=1,..., K —1 and
H?T%‘K)@)PLKfﬂ'é )® 2KH |7T1 7T2||TV.

Proof. We start by proving . Notice that, by definition of P; ; and P> ;, we have

/X(—i)XXg (X(ii)’y) jH>iPLj (X(ﬂ'), dy) i (dx(*i)>
/Xxm—n (X v ) II 7 (x(_i_1)7dy) 7 (dx)

j>i+1
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and

/XH)xx (X( %, )HP2 ( i)vdy) " (dx(_i))

j>i
= / h (X7 y(iz)> H P2,j (x(7i71)7 dy) 2 (dX) )
X xx (=9 >4l
where g : X(©) x X — R is any measurable function and & is the composition of g and the
function ¢ : X9 x X — X x X that relocates the (K — 1+ i)-th element of a vector

after the (i — 1)-th element. Since there is a one-to-one relationship between functions g
and h, we have

W oAy [[P| =|me I Pu-me [T Ay - @

jzi jzi TV jzi+l jzi+1 ™V

Then by triangular inequality and Lemma [C.3] we have

T ® H Pj—m® H Py <|fjm® H Py —m® H Py
J>it1 j>it1 v J>it1 J>it1 v

+ || ® H Pl’j—7T2® H Pg’j
j>it1 j>i+1 v
<|m—mallpy + @ [[ Pi-—me [[ P
j>it1 j>it1
(42)
Notice that [];5;,; P1; and [[;5; . P»,; do not depend on z;11 by construction, that
implies

T & H Pj—m® H Py

it iZi+1

TV

TV

/XXX h(x,y) H Py (X(f(i+1)),dY> m (dx)

= sup
h: XXX —[0,1] St
—/ (x,¥) H P, ( —(@+1)) dy) o (dx)|,
XXX G>it1
so that we have
me [[ Pi-me [ Py
j>it1 j>it1 v

= sup / / h(x,y) 2 (dxiH |x(*(i+1))) I | P ( —(i+1)) dy) o (dx (z+1))>
h: XxX —[0,1]| JxG+))xx J x4 S
o [ (£ T (<) o)
XG0 xS x o

< 7r57(1‘+1))® H P1,j—7r§7(i+1))® H Py

jzit+l Jj>i+1 TV
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Moreover, it is clear that

A ] Py ] Py < me [T Pu-me [] 2|

j>i+l j=i+1 TV j=i+1 j>i+1 ™V
thus combining the two above inequalities we get
—(i+1 —(i+1
o ® H Pl,j — Ty ® H P2,j — ﬂ.é (l+ )) ® H Pl,j _ Wé (1+ )) ® H PZ,j
j>it1 j>i+1 v j>it1 j>it1 v
(43)

Combining , and with the fact that

) o H P —ai ) g H Py <l = 72l gy

J>it1 J>it1 v

+ 7r5—(z‘+1)) ® H P ﬂé—(i-‘rl)) ® H Py
j>it1 j>it1 v
we finally obtain . When ¢ = K the result follows by noticing that

7T§_K) ®P1,K =T and 7T£_K) ®P2,K = T

by definition. O

Proof of Proposition[2.4 Without loss of generality, let y € N (w2, M). By Lemma
and the triangle inequality we have

InPr=pPollpy <M|eS V0P —mi Ve R

< M ||my — 7ol py + M Hﬂgfl) ® P — 77571) ® PzHTv

and the result follows by applying K times Lemma O

C.5 Proof of Lemma 2.3

Proof. With an abuse of notation, let 71(x), m2(x) and pi(x) be densities of 71, mo and
w1 with respect to a common dominating measure, such as 7 = m; + m2. Let g be the
measure on X with density i(x) = min {u(z), Mm2(2)} for € X. By construction fi is a
sub-probability since

() = /X A(x)r(da) < /X a (2)r(dz) = 1.

Therefore, we can define a probability distribution ps € P(X) with density
pa(x) = a(x) + a« max {Mma(z) — p1(z),0}, reX

where
_ 1— [ a(z)r(dz)
S max {Mmy(z) — p1(z),0} 7(dx)

Notice that ps(x) < Mma(x) for every z € X since

o € (0,1).

p2(7) = {MWQ(CE% if (@) > Mma(e),
(1—a)pi(x) + aMmg(x), if py(z) < Mma(x).
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Thus po € N (wa, M). By definition of total variation distance and of fi, we have
s = paly = [ i s 2) = pa(o). O (de) = | e s () = Mma(2), 0} (o)

<M /X max {71 (z) — m2(x),0} 7(dz) = M |71 — 2|1y -

O
C.6 Proof of Theorem [2.4]
Proof. By Lemma [2.1] the statement is equivalent to
im  sup ’ Pt — 7l = sup H Pt — ﬁHTV (44)

=0 €N (Fon, M) TV peN(7,M)

in Q(")—probability7 where P, is the kernel of the Gibbs sampler targeting 7.
Consider ||, P, — 7n|l7v with @, € N(7,, M). By Lemma there exists g €
N (7, M) such that
1 = il gy < M |70 = |7y - (45)

~ t ~
fn Py — T

By the triangular inequality we can decompose ||jin, P! — 7 || 7v as follows
fin Pt — iP! ot HﬁPt —frHTV+ (170 — 7l gy -

(46)
Combining with the monotonicity of the total variation distance with respect to the
application of transition kernels, we obtain

|

For the second term in 7 we want to prove that if i € N (7, M) we have

npPt — pt
R ey

v =]

nPp = APL| < iin = llry < M7 = gy - (47)

Py — P

<2MKt |7, — 7 48
—_— (|7 7T||Tv (48)

for every ¢t > 1. Indeed, the case ¢ = 1 holds by Proposition Assume now holds
for t — 1, with ¢ > 2. Then by the triangular inequality we have

R e

pt_ ]5t—1]5nH
S S

N W TS

TV

By induction hypothesis we have
|aPi = aPY| < 2MK (=) |0 — Ly - (49)

Moreover, by Lemma we have that gP'~! € N (7, M), so that from the case t = 1 we
obtain o o
H/J/Pt_lp _ ,U/Pt_lpn

Then follows by and . Combining 7 and , for every fi, €
N (7, M) there exists i € N(7, M) such that

|

<2MK |7, — 7 . 50
Y = (|7 7"||TV (50)

< @MEKt+ M+ 1) |7 — #llpy + Hﬂf’t —

T .
IJ”ﬂ n n TV TV
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Thus

sup ‘ﬁnﬁg—ﬁn < @MEt+ M +1) |7 — 7llpy +  sup Hﬁﬁt —ﬁ'H .
An €N (7n, M) v AEN (7,M) TV
It follows that, for any € > 0, we have
Q(") sup ’ [anfl — T —  sup H,LLPt - 7~TH > €
fin €N (7, M) TV GeN(7,M) TV (51)

< QM (|7 — 7llpy = MKt + M +1)"€) — 0,

as n — 0o by (A1) and MKt + M +1)"te > 0.
We now prove the reverse inequality of to establish . Given 1 € N (7, M), by
Lemma 2.3 there exists i, € N (7, M) such that || — fnll;y, < M |7 — 7|y, Then

we proceed analogously to above, first decomposing H APt — 7 as
TV

-], < o7
HM WTV* . 'u"T

|

Npt_~n~ ~n-ISt_Nn Nn_~
v + H/J’ n /J’ n /”L n T ™V + ||7T TrHTV

(52)

TV

and then applying Proposition using an argument analogous to above to get

Hﬂpt—frH t g+ QMK M) (|7 — 7y
v
It follows
sup ’[an:;*’ﬁn > sup H,uP *ﬂ'H - 2MKt+ M+ 1) ||7tp — 7|y -
pn €N (7, M) TV peN (M) v

Fixing € > 0 arbitrary constant we have

Q(”) sup ’
An €N (7, M)

n . . €
<@ (I ~lrv 2 gyrer yryy) O

as n — oo by (A1) and (2M Kt + M + 1)~te > 0. The result follows by combining

and . O

C.7 Proof of Corollary
Proof. Thanks to Lemma we can write

ﬂnpt _ﬁ'n

n

—  sup HuPt — 7~TH < —e¢
TV AEN (7,M) TV

(53)

(n) : t
1) (e, M) =infdt>1: WPl <
miz (€M) =1n { N uneffl(lf,“M) I " HTV E}

and

tmiz(€e, M) =inf{t>1: sup H[ﬂ:’t—ﬁ'H <€p.
REN (7,M) v

Assume (A1) and denote t* = t,,.(€, M) < oo for brevity. By definition of t* we have
5 = suppenienn [P 7], <o Th
SUPzen (7,M) ||F ||y, <€ Thus
< 6)
1

—  sup H,uPt —7~rH <e—94
TV  heN(# M) TV

Q<">(£:2m<e,M><t*)=cz<”>< s |

Hn eN(ﬂ'n 1M)

+*
MnP — Tn
" T

=Q™ < sup pin Pl —

MnEN(ﬂ'nvM) ‘

— 1,
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as n — oo by Theorem
As regards the second part of the statement, let (A1) hold and fix T > 0. Denote

8 = SUPsen (7, M) H/IPT — 7~THTV and notice that by assumption § > € > e¢. Thus

lim inf Q™ (tisi)x(g M) < T) = lim inf Q™ ( sup ||,unPnT — W”HTV < 6)
)

n—oo n—o00 pn €N (p, M
=lim inf QM [§— sup un P — 7 >0—¢
n— oo fon EN(70m, M) || ntn ”HTV
— 0,
as n — oo by Theorem O

C.8 Proof of Corollary

We need a preliminary well known lemma, whose proof we include for self-containedness.

Lemma C.6. Let P be a Gibbs sampler kernel with K = 2 and target m € P(X; X Xs).
Then

M
lnP* ==y < 5 (1= Gap(P))',
for every u € N(w, M) and t > 1.

Proof. Let yu € N(w, M) and t > 1. By Corollary 1 in [52] we have
oty o7 =) g
1P =y, = i LA (I (54)

where P is the Markov transition kernel on X5 defined as

P(x2,dys) =/ m(dyz | y1)w(dys | z2) xo € Xy

X1

Note that P is 7(~D-reversible. Also, for every f € L*(x(-1), i.e. f : Xy — R such that
113 = W(fl)(fz) is finite, we have

Xzf(xz)f(yz)fs(ﬂﬂzv dyz)m(dzs)

(22)  (32) / w(dys | y2)r(dyr | 22)n(das)

f
X3 X1

- [ R ]| [ Tyt | )| ~(am)

= /X1 { v f(y2)m(dy: | yl)rﬂ(dyl) >0,

so that P is also positive semi-definite. Since P is reversible and positive semi-definite, we
have (see e.g. equation (5) in [2]) that

2|, < 11, (1 - Gan(P)' (59)

for every f such that «(f) = 0. Choosing f = % — 1 and using the reversibility of P
(see e.g. Section 2.1 in [33]) we also have

HuH)pt _ 2D H < : (56)

1
TV — 2
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where u("DP(f) = [ f(x2)u"Y Pt(dxy). With the same choice of f, we have

2

2 dp(~Y -1 2
1916 = [ (g ton) —1) 7w < o
since (=1 € N (7=, M). Thus, combining with we obtain
M A\t
t
|uPt =7z < 5 (1-Gan(P)) .
Finally, for every f : X; — R with ||f]|, < oo it holds

fx2 — [ (o)) 7(dawo) P(ws, dys) S lo(y) — 9(x)]? 7(dx) P(x, dy)
2VarlV(f) B 2Varr(f) 7

where g(x) = f(x2). Therefore Gap(P) > Gap(P) and we get

M
[P =7y < o (1~ Gap(P))",
as desired. O
Proof of Corollary[2.6 By Lemma we obtain

log(M/2) — log(e)
—log (1 — Gap(ﬁ))

and the result follows by the first part of Corollary 2.5 O

Emix(67M) <1+

C.9 Proof of Proposition
Proof. By Theorem assumption (A1) is satisfied with
Pu(¥) = V() —9*) =T (W) An g,

and # = N (0,Z7%(¢*)). Since 7 is the distribution of a multivariate normal with non
singular covariance matrix, then it is easy to show f.(e, M) < oo for every (M, e) €

[1,00) x (0,1), see e.g. Theorem 2 in [I]. O
C.10 Statement and proof of Corollary

We illustrate the result of Proposition on a simple example of model with normal
likelihood and unknown mean and precision, that is

fylpr)=Ny|pr"), (57)

where K = 2 and ¢ = (u, 7). Notice that, even if a conjugate prior exists, it is common to
place independent priors on p and 7, for which the Gibbs sampler defined in becomes
a reasonable option.

Corollary C.7. Consider model with likelihood as in (57)). Let Y; ~ ud ~ Quy=, with Qy-
admitting density f(y | ¥*) and ¥* = (u*,7*) € R x Ry. Moreover let py be absolutely
continuous in a neighborhood of 1¥* with a continuous positive density at 1*. Consider the
Gibbs sampler defined in . Then, for every M > 1 and ¢ > 0 we have

QL (tf]jm(e,M) < 1) S,

as n — Q.
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For the proof we need a preliminary Lemma, whose proof we include for self-containedness
and because it will be useful to refer to later on.

Lemma C.8. Consider the same setting of Corollary . Then conditions are sat-
isfied.

Proof of Lemma[C-8 Define

U=, x Uy = [u* — 1, 0" +1] x {72,27*]

compact neighborhood of ¥* and

un(}/l’ IR Yﬂ) =1- ]]‘!Jl(len)Scl ]]‘gz(ylzn)ﬁcw
where ¢; = 1/2, co = (27*)7! and

n

S -7 - =

=1

9

3=

gl(Yl:n) = |Y - /.l*| , and 92(}/1:,“) =

with ¥V = %ZleYZ Since Y; id N(u,771), then g;(Y1.,) and go(Yi.,) are equal in
distribution, respectively, to

h’l(Zl:’l’HM;T Z+M_M*

1
) = ’\/;_ 5 h2(Z1:n>/J'aT) =

where Z; N(0,1). By the Law of Large numbers we have

_ 1 & _9
Z -0, and EZ(ZFZ) —1

i=1
almost surely as n — oo. This implies

n

[ entoneeow) TL7 s 19%) <P (O (Zao”o77) > )

i=1
+ P (ho(Z1.n, u*,7°) > c2) — 0,
as n — o0o. Also, we have

n

i;g /[1 — Un (Y1, Yn)] };[lf(dyi | ¥) STS;& P (ho(Ziim, 1, 7) < €2)

+ sup P(hl(Zl:naluaT) S Cl) .
pgWV1, TEW,

Now notice that by the reverse triangle inequality we have

sup P(h2(Z1:n7//‘aT) S C2) = Sup P
TEV2 TEY

by definition of ¥y, as n — oo. Finally, again by reverse triangle inequality, we have

sup P (hi(Zim,p,7) <) < sup  P(1Z] > V7 (lp—p*l =) =0,
nEY, TEY, nEV,, 7€V,

as n — 0o. ]
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Proof of Corollary[C7 In this case ¢ = (1, 7) and

F 1) = g

By Lemma conditions are satisfied. Also, the map ¥ — f(y | ¥) is one-to-one, the
map ¥ — +/f(y | ) is continuously differentiable, and the Fisher information matrix is

)= 5 1],

which is non singular and continuous as a function of ¥. Thus the conditions of Theorem
[3:1) and Proposition [3:2] are satisfied. Finally, since we are considering a two-blocks Gibbs
sampler, by Corollary [2.6] we have

log(M/2) — log(e)

FheM) =1+ —log (1 — Gap(p)> 7

where P is the Gibbs sampler targeting a bivariate normal distribution with covariance
matrix given by Z~!(x*). Since the latter is diagonal, the Gibbs sampler coincides with
independent sampling, so that Gap(P) = 1. O
C.11 Proof of Lemma [4.1]

Proof. Denote by (O(t),w(t))t>1 the Markov chain with kernel P; defined in (I5). The

Markovianity of the induced sequence (T(t), PO 1~ follows by the one of (v®) 4>+ Which

is well known [I5] 52]. We now show that (T(t)mp(t))p1 admits P; as kernel. The condi-

tional distribution of (T™,¢®) given (T~ ¢(t=1) is given by
r (dT(t),duJ(t) |T<t—1>,¢,<t—1>> —r (dTm |T<t—1>,¢<t—1>) r (dd)“) | T<t>7¢<t—1>7T<t—1>)
— 4, (dT(t) IW’”) r (dw(” | T<t>,¢<t71>> ,

where the last equality follows by and the definition of 7;. By the exponential family
assumption in , T is a set of sufficient statistics for v, so that

Ty (dY | 0) = L(dy [ 6,Y1.5) = L(dY | T(0),Y1.5) = 7y (dy [ T(8)). (58)
Combining and we have
r (dw(“ |T<t)7¢<t—1>> _ /m (dw“) |9) o (dg | T<t>7¢(t—1>)

_ /f;, (a6 | 7(6)) 7 (a0 T, 1) = 7, (ap® | TO)
(59)
since T(0) = T™ almost surely under 7y (d@ | T®, =), Thus we can conclude
r (dT(t),dw(t) |T<t71>7¢(t71>) — %, (dT(t) | w“*“) A (d¢<t> |T<t>)
- P, ((Tu—l),w(t—l)) 7 (dT(t),dqp(t))) 7

>1 and (T(t)’ 77Z’(t))t>1

are co-deinitializing as in [52] and thus, by Corollary 2 therein, for every u € P (Rw x RD )
we have

as desired. From the above one can easily deduce that (H(t),w(t))

[P =7l = |25 = | (60)

)
TV
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where v € P (R% x RP) is the push forward of p under (8,v) — (T(6),v). More-
over, by we have that v € N (77, M) whenever p € N (m;, M). Tt follows that

SUD e A (), M) tg;l]i)z(e,u) < SUPen(r,,M) fggz(e,u). For the reverse inequality, fix v €
N (77, M) and take u(d@,dy) = [7;(d0 | T,¢)v(dT,dv). By (B) we have p € N (7, M)
and thus (60). It follows SUP, e (7,,M) fgz)x (€,v) < SUPLen(ny, M) tﬁr{i)x (e, 1) as desired. O

C.12 Proof of Lemma [4.3

Proof. The result follows immediately from Theorem whose assumptions are given
exactly by assumption (B1) — (B3), with likelihood g(y | %). O

C.13 Proof of Lemma [4.4]

The proof is divided in two main steps: in Section the result is proved under the
weak metric (Lemma |[C.11]) and it is extended to the total variation distance in Section
1C.13.2)

First of all we need two technical lemmas, that we prove for completeness.

Lemma C.9. Let S and p be two positive integers. Then there exists a constant C' =

C(S,p) such that
s

o <140y

s=1

for every & € RY.

Proof. Since (1 — |x|P)? > 0, we have |x[P < 1+ |x|?”. Moreover, by the Multinomial

Theorem, we get
S p
2p _ Z 2| _ Z H 2,
™ = ( xs> <k1 . kS) E

s=1 keP

where P = {k = (k1,...,ks) : ks positive integer, Zss:l ks = p}. Since

the result follows by choosing C' =3, » (k1 P ks)' O

Lemma C.10. Under assumption (B3), the random wvariables Ay = (Aj1,...,A71Dp)
defined in are such that for every B > 0 we have

1
FAJ’d — 0,
Qgpof)—almost surely as J — oo for everyd=1,...,D.
Proof. Recall that
1
Ajg=— “)V log g(Y;
= ; g9(Y; [ ¢7) f Z

and Z~1(1)*)9y, log g(Y; | ¢*) has zero mean and finite variance, by (B3). Therefore, by

Chebychev inequality
A Var (X 1ad)
JB)d = T2 git2p

42



for every € > 0. This implies
- 1
S (|7
J=1

and the result follows by Borel-Cantelli Lemma. O

> €> S Z Var (Xl,d) < o0

2. J1+28 )
J=1

C.13.1 Weak convergence

In order to ease the following exposition, denote

v+4,
Vi

The next lemma proves convergence of T using the weak metric, denoted by ||-|| ;-

Lemma C.11. Define 3[) and T as in and , respectively. Under assumptions
(B1) — (B4), for every 1 € RP it holds

P = g* 4 . J>1. (61)

|e@ v, 0) = N (cwdvn)|| =0 (62)

prof)—almost surely as J — oo.
Proof. For ease of notation, denote
p=CE" )P and Z:=V(¥").
By definition of Ms(p), we have
E[T7(6,) | Y0 = MP (6] 7).

Conditional on z/;, the group specific statistics T,(;) are independent across j = 1,...,J.
Thus, by Lyapunov version of Central Limit Theorem, in order to obtain it suffices to
show

J
1

=30 (MO (47 |;) MO @ V)| — oA = p (63)

j=1

1 -
=3 Cov (L.(0,). T (0) | Y, 0")  — Eew (64
j=1
1 < 3
B [T -0 w1 1] s e )
j=1

Qgpof)—almost surely as J — oo, with s, = 1,...,5. We prove the three above results
sequentially below, which concludes the proof of . O

Proof of (63). For any s =1,...,S, by and the multivariate Taylor formula it holds
b -
. Ya+ A .
M () ¥;) = MO (| 5) = 30 20, MO (4 | ) + Ra(Y5),
d=1

where

D 7 = 1 =
(Ya + Aga) W + Asar) . PtA
Ry(Yj) = D iR /0(1—t)8wd8wd,M§” <w v IY]) dt.
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Therefore

- Z (M (6 1Y) = M (07 )] =
- (66)

D
-3 00} S0 ) 3
d=1

where
J
75 2l
D - ;o )
(tha + Asa) (W + Agar) 1 / @ [, A
, ’ 5 1 =)0y, 0y, M 4t v | at
d,dzzl Ji/4 Jo/4j§1 0( )0y . W 7 | '
(67)

As regards , for every d,d’ = 1,...,D by Lemma it holds

AjaAga

Ji/8 j1/8 0, <68)

(Ya+ Asa)(Wa + Dsar)  Yaba | - Nja | - Asa
Ji/4 ~ Ty + ta Ji/4 + Ya Ji/4 +

fof)—almost surely as J — co. Moreover, with the change of variables z = t/J 1/4 we have

‘J5/4 Z/ awdawd/M(l) (7/) thw} |Y> ‘

P+ A
awda"‘/’d/ (w + J1/4J | }/J>

where the last inequality follows from ’&;ﬁ" ‘ < 1 for J high enough, thanks to Lemma

C.101 Moreover, - /4 < 94 for J high enough, so that

J

P+ A
‘J5/4JZ/ 5wd3wd/M(l)(1/1 iy |Y> ‘

N
< /5 }Z 00,00, M (6" 4+ | Y;)| da
4 j=1

1i/64
= szl 5

By the Law of Large Numbers and (B4) it holds
J s
1 4
>,
j=

%/ (90,80 MO (0" 421 7))

Oy MO (V" + 2| ;)| do

Oy MO (V" + 2| ¥;)| d

} dz < 2C6,. (69)
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By combining and , we can conclude

J
1
7 S RV = 0,
j=1

fof)—almost surely as J — oo. As regards , by the Law of Large Numbers we have

J
S0 MO @Yy 5 B[, MO @ Yy)] = Calw),
j=1

that is finite thanks to (B4). Therefore, we can conclude that for any s =1,...,S we have

D D
MO (0D ]7;) = MO (0* 1) = 3 Coa@)Asa > 3 Coaw)a,
d=1 d=1
Q(Oo)—almost surely as J — oo and thus holds. O

Proof of , For every s,s’ = 1,...,S by multivariate Taylor formula it holds

Cov (T3(6;), T (6) | V5, 9) = Cov (Tu(0;), T (6;) | i, 0") + Racon(Y5),

where

Mm

N YatA _ . D+ A,
Rl,cov(}/j)_ \/> /0(1 t)awdco ( ( ) ( )| ﬂﬁ +t \/j )dt

Y
Il

1

Notice that
2 Ja+ A 1 < D+ A
d J,d * J
fZRlcov dZ B Tyra /O<1—t>w;awdCov<Ts<ej>7Ts/<9j>Yj,w L >dt.
~ =

With the same arguments of before we have % — 0 and

) L . DA
/0 <1—t>mga¢dc:ov (Tswj),Tsf(@j)lW o ﬁJ> dt‘

< JZ/ 00,Cov (T,(6;), T (6;) | V3,4 + )] da
N
= [ Bl00,Cov (T,(0). T (0y) | Y50 + )] de
—04
Qq(ff)—almost surely as J — oo. Notice that by (B4) we have
E|0y,Cov (Ts(0;), Tor (6;) | Yy, 0" + )]
< B[00, M @ + 2| )] + B (|00, (MO @ 42 1) MP @ 42 1 ¥ }]
<2C,

for every x € (—d4,04) . Therefore, we can conclude
12
7 Z Rl,cov (Y}) — 07
j=1
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Q(w)—almost surely as J — oo. Thus, by the Law of Large Numbers we have
1
jZCOV(Ts(%)st/(%) | Y, 4") = E[Cov(Ts(6;), T (0;) | Y, ¢7)],
j=1

Qibof)—almost surely as J — oo. O

Proof of (65). By Lemma we have
1y (1) (4 ’ )
77 2 ’ij),M @ 1] 15,9
=

OSSO (6| 7) 4 ;ig{w v’

s=1g=1
By Jensen inequality [M(l) (¥ | Yj)]ﬁ < M) (4* | Y;) and by the Law of Large Numbers
1 5. s
722 MO — Y E[TN6) | ¥"] <o
s=1 : s=1

prof)—almost surely as J — co. Thus to prove it suffices to show

AR MO (0 5) 0

s=1j=1
Qgpof)—almost surely as J — oo. For every s = 1,...,5 by multivariate Taylor formula it
holds
MO (919 1¥;) = MO ([ Y) + RuolY5),
where

D 7 1 7
+A ] +tA
Ria(v;) = S 25 [ o, 10 (w 2 m) at

Notice that

D T 1 J ~
Ya+ Ay 1 6 R A,
*ZRW :Z Ji/A /(1—t)ﬁzade§) Y= | Y; ) dt
=1

0

and with the same arguments of before we have w”’jﬁf 2 =0 prof)—almost surely as J — oo

and ;
! 1 Y+ A
AN (6) * J ;
[a i S 0e M (4 11 iz
1L o
S—Z/
T2 ),

Os
_>/ E (|0, MO @ +2 | )| do < 200,

By MO (Y* + 2| V)| da

by (B4). Therefore, we can conclude
1
5D Rie(Yy)| =0,
j=1
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ngf -almost surely as J — oco. Moreover, by the Law of Large Numbers we have

1
J 4

J
j=

MO 1Y)~ B[MO @ V)] = B[150) | '],
1

by (B1) and the definition of conditional expectation. Therefore

J -

1 o YatAsa

J3/2 > MP (1/’ + VA | Y| =0,
j=1

from which follows. O

C.13.2 Total variation convergence

We extend the weak convergence to total variation using characteristic functions, in par-
ticular exploiting the conditions in Lemma Here we first state some other technical
lemmas that will be required later on.

Lemma C.12. Let X be a R%-valued random vector with zero mean and characteristic
function ¢x (u). Then for every u € RS

ox(u) =1-— %E [(u"X)?] + gE [u" X,

for some 6 = 0(u) € C such that |0] < 1.
Proof. Taylor formula for the complex exponential reads

2 2173

eileJrix—?Jr—eiz,

6

where z € C is such that 0 < |z| < |z|. By = u" X, we have
. T 1 T 2 9 T 3
px(w) =1+iB[uTX] = B[ X)"] + 2B [[uTx["],

with # = e'# recalling that |e?*| < 1 for any z. The result follows from E [uTX] =0. O

Lemma C.13. Let X € RS and Y € RY be independent random vectors with the same
distribution. Then

2
pex—y(u) = lex (u)]”.
Proof. By independence we can write
ex-y(u)=FE [eme] E [efmTX} ;

where .
E [eiu X] — E[cosuT X] +E [sinu’ X] = a + ib,

for suitable a and b. Since cosx is even and sin x is odd, we can write
lox—y (w)] = |(a +ib)(a — ib)| = a® + % = |ox (u)|”

Since X —Y has a symmetric density by construction |px_y (u)| = px_y (u) and the result
follows. O
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Corollary C.14. Let X be a R®-valued random vector with characteristic function px (u).

Then

w3
lox(u)? <e ™' Var(X)u+ 25140 S, B[XY]]

for u € RS, where C is a finite constant independent of u.

9

Proof. Let Y be an independent copy of X. By Lemma [C.13] it holds

“PX(“)F = ox_y(u),

where px _y (u) is a real function, since it is the characteristic function of a random variable
with symmetric density. Therefore, by Lemma [C.12] it holds

ox_y(u)=1-— %E [(u"2)%] + gE [u"Z?],

where Z = X —Y and 6 = 0(u) € R. Recalling that e* > 1 + z for every x, we have

ox_y(u) < e~ 2Bl 2]+ 5 B[luT 2]

By Lemma 8.8 in [§] it holds
E[(u'2)?] =2E [(u'X)?] =2u" Var(X)u

and
E[(u'2)] <4E [(u'X)’] <4uPE [|X].

Moreover by Lemma, we have

S
E[XP]<1+CY E[X]].
s=1
Therefore 3
2|u|° 0
ox_y(u) < e—uTVar(X)u+%[1+o 5, E[x8)]
and the result follows from |6] < 1. -

The following lemma is a minor variation of commonly used techniques to prove total
variation Central Limit Theorems.

Lemma C.15. Let (X;)y>1 and X be RS -valued random variables with characteristic
functions (¢)s>1 and @, respectively. Denote by L'(R®) the space of complez-valued
integrable functions with domain RS. If

(a) Xj converges weakly to X as J — oo
(b) ¢ belongs to L'(R®), i.e. [os | (t)] dt < oo
(¢) im0 limsup;_, o f‘tle los (t)| dt =0.
then X ; converges to X in total variation as J — co.

Proof. First we prove that limy_, ||¢; — ¢||L1 = 0. By the triangle inequality, for every
A > 0 we have

(b)) dt + / o], (70)

[t|=A

lgs — @l < /| oot = plo]dt+ /

t]>A

Since weak convergence implies pointwise convergence of characteristic functions, assump-
tion (a) implies that ¢;(t) — @(t) as J — oo for every t € R®. Thus by the Dominated
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Convergence Theorem and | (t) — @(t)] < |@s(t)] + |o(t)| = 2 , we have f‘t|<A los(t) —
o(t)|dt — 0 as J — oo for every A > 0. It follows by that

0 < limsup oy — gllz < / |o(t)] d + lim sup / los(t)]dt (71)
o0 114 J=oo Jiy=4

for every A > 0. By assumption (b) lima_, f‘tle lo(t)|dt = 0. Combining with as-
sumption (c), taking the limit A — oo we obtain limsup;_, . |l¢s — ¢|lz1 < 0 and thus
lim ;o0 [0 =l = 0.
Then, note that ¢ € L*(R®) and |¢; — ¢|/z1 — 0 as J — oo imply ¢y € L'(R%)
eventually as J — oo, since by the triangle inequality
leallr < lles =@l + el < oo

for J large enough. Thus, by the Inversion formula, for J large enough X; and X ad-
mit density functions w.r.t. the Lebesgue measure, which can be written as fx,(t) =

(271r)5 Jrs e_itTtWJ(t) dt and fx(t) = ﬁ Jrs e‘itTtgo(t) dt. Thus

1 —itTt _ 1 oit't
s 0= 101 = | oy [ a0 e [ oty

<),
RS

as J — oo for every t € R®. By Scheffé Theorem, total variation convergence is implied
by pointwise convergence of the densities. O

e () = ()| dt < s — pllr 0

Proof of Lemmal[{.4 Fix ¢ € RP and denote p = C(d)*)(ﬁ and E = V(¢*). We will prove
conditions (a), (b) and (c) of Lemma to show that £(dT | Yi.s,%) oy N (p, E) for
Qf;f)—almost every Y as J — oc.

Condition (a) is shown in Proposition[C.11} Regarding condition (b), the characteristic
function of the limiting distribution N (u,Z) is p(t) = et t=3t' =t
since = is positive definite by (B4).

We now turn to condition (c). Let

, which is integrable

@(t ‘ Yl:J,w) =E [eitTT | Yl:Jaw] t e RS

be the characteristic function of £ (df‘ | Y1.7, 1/)). Using the definition of T in , and

the fact that 7(6;) are conditionally independent given 1), we can write ¢ as
T J t
3(t| Yy, "' :e—it ay ( Y;, (J))7
Bt | Yir,9) j]]lgo 75 | Yirv
where oy = C(6)A + 5 0, MO [ Y,), 0(¢] Y0) = B[ 70 ¥, 4] as in
the definition of (B5) and (/) as in (6I). Since a; € R¥ we have |e*”T‘”\ =1 and thus
! t
5t | Y1.g, = — | Y;, . 72
ot v = 1 (5 190) (7
For every € > 0, by and the subadditivity of limsup we have

lim limsup/ ’@(t \ Yl:Ja%Z))’ dt <
[t]>A

A—=00  J00

J J

t t
lim limsup/ ) ( |y_7¢(J)> dt+limsup/ I | 80< |Y‘a1/1(‘])> de.
A=o0 Jouoo Ja<|t|<eVT JI;II VI J—oo Jlt|>eVJ |55 VI
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Lemma shows that the second limsup in the last line is equal to 0 for every ¢ > 0,
while Lemma shows that the lim 4, limsup;_, . term goes to 0 when € is chosen as
in . Thus condition (¢) follows by taking € as in in the above inequality. O

Lemma C.16. Under the same setting and notation as in the proof of Lemma [{.]}, for
every € > 0 we have

J
t
limsup/ | I © ( | Y‘,’(/J(J)> dt =0
J—oo J|t|>eVT j=1 \/j !

Qq(;f) -almost surely.

Proof. Consider the change of variables 2 = t/+/.J. Then

J ¢ J
¢<|Yv,¢<">> dt:JS/2/ o (x| Y;,p™)| da.
/|t>eﬁ E Vi o> ]H ( ’ )

=1

Let k and Bs, be as in (B5) and k¥’ and Bs, be as in (B6). Take J high enough so that
J > 2k as well as (/) € B := Bs, N Bs,, so that

J 2k J
/z|>6 H¢($|Yja¢u)) dmgzgg/zlx Hgo(x|Yj,¢) H o (x| Y;, )| dz.

j=1 j=1 j=2k+1

For every a € R, denote its integer part as |a]. By (B6), for every ¢ € B we have

J—2k ’
L %7 2k+1+sk

J
I[I e@ivie|< J[ A <o@F),  with A, = [ @iy
s=1

j=2k+1 G=2k+1+(s—1)k’

almost surely, where we exploited the fact that each Ay is distributed as w(k/) (t | Yig, )
n (B6). Therefore

J 2k
/ Hw(w | Yj,w(‘”) dz < ¢(e)L 7 SUP/ [Ie @Y%) de.
|z|>e j=1 YEB J|x|>e j=1
almost surely. By Hoélder Inequality and (B5), we have
2%k 2%k
c:sup/ ng(m|Yj,1/)) dxﬁsup/ Hga(x|Yj,1/)) dz <
YEB Jz|>e |5y veB RS |1
2 2
k 2%k
swp [ Aot vi0)| dopd fsw [ ] wlelv0)| dog <oc,
veB JRrS |50 YEB JRS | p

almost surely. Therefore it holds

J
/ IIe (& | Yj,w“’)) dt < J52(e) 7 e,
\

t|>eV'J j=1

that goes to 0 as J — oo, since ¢(¢) < 1 by (B6). O

50



Lemma C.17. Under the same setting and notation as in the proof of Lemma [{.4), let
A > 0 be such that the matriz V (¢¥*) — A is positive definite. Such A can be found, since
V(v*) is positive definite by (B4). Then, given

A

€= 5 (73)
1+ O E[T5(0,)° | ]
we have
J ¢
lim lim sup / %) ( \ Y-,w(‘])> dt =0
A—oo oo A<|t|<eVT 31;[1 \/j !
Qq(;f)—almost surely.
Proof. By Corollary we have
ul3
lo(u | Yy, )7 < e~ Var@ @Y wyut 25 140 7, B[T.05)° 15 ]
for every u € RS and ¢ € RP. Therefore
; 2
e (t | Yj’w) < ot S V@)Y EL (140 Y, S5 BT 0)°1 0],
=N
(74)
Notice that in the proof of we have shown through (B4) that
J
1 *
S Y E[L.60)° 1Y, | = E[16)° | 7] (75)
j=1

Qgpof)—almost surely as J — oo, for every s = 1,...,5. Thus, combining and , for
every |t| < ev/J we have

21¢3

2
es3VvJ [1+C% E‘j]=1 f:l E[TS(gj)6|}/37w]] ‘ S e)xt-rt7 (76)

almost surely for J high enough. Finally by and

J

t J) —tT=(y
/A<t|<6\/7 E VI [t|>A

with

(1]

J
) _ ;j;Var (T(f)j) | Yjﬂp(])) —AL

Since 2(/) — V(¢*) — M by 7 and V(*) — A is positive definite by definition of A,
by Dominated Convergence Theorem

J
t —
hmsup/ I ( Y<,¢(J)> dtg/ et V) -ADE gy -
A 4 \/j| ! t|>A (78)

J <|t|<eVJ j=1

Since the right hand side of is integrable the conclusion follows by taking A — co. O
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C.14 Proof of Theorem [4.2]

We first need a technical lemma.

Lemma C.18. Let {Y(”)}n be a sequence of random elements with state space Y™, such
that Y™ ~ QM with Q) e P (y<”>). Let {m,}n be a sequence of Markov kernels from
V) to X = Xy x Xy and let 7 € P(X). If

170,1(-) =11l gy =0 and  |mn(- | ) = 7(- | 2)||py — 0, for mi-almost every x € &1,

as n — oo in Q™ -probability, where Tp,1 and m are the marginal distributions on Xy of
T, and w respectively, then

170 () =72y = 0,

as n — oo in Q™ -probability

Proof. Let f : X — [0,1] be a measurable function. By the triangular inequality we have

<

/f($1,$2)ﬁn(d$17dl'2)—/ f(xl,l'g)ﬂ'(dl'l,dl'g)
X X

+

/ f(z1, x2)mp (dzg | 21)m0 1 (d2y) f/ flxy, o)y (das | 1) (day)
X x

/ f(z1, x2)m, (dee | 21)m (dzq) —/ fz1,x2)m(dzs | 21)m (dzy)
x x

Notice that
Sl;P ’/ f($1,$2)7Tn(d$2 | 351)7Tn,1(d$1) —/ f($1,$2)7n(d$2 | $1)7T1(d$1)
x X

<l i) = mOllgy =0,

as n — oo in Q(™-probability, by assumption. Moreover we have

sup ‘/ f(z1, x2)mp(das | 21)m (day) —/ flxy,xo)mw(dxs | 1)mi(day)| <
f X X

/ sup
X f

The integrand on the right hand side goes to 0 as n — co in Q™ -probability, by assumption.
Therefore, by Dominated Convergence Theorem, we have

flx1, z2)mp(das | 21) — f(z1, xo)m(dzs | 1)
X X2

7T1(dIL'1).

— 0,

sup ‘ [ @y (o | am(dnn) = [ o aa)n(das | o)

as n — oo in Q™-probability, as desired. O

Proof of Theorem[4.4 Lemma shows that z/; converges to a Normal distribution with
zero mean and non-singular covariance matrix Z-1(¢*). Similarly, Lemma shows that,
conditional to every 1;7 T converges to a Normal distribution with mean and variance
(denoted by E[-] and Vars(-)) given by

Ew[T | 4] = C(w)d, Varse (T |0) = V(57).

Therefore, by Lemma |C.18] we conclude that (T, 1;) converges in total variation to a

(S 4+ D)-dimensional Gaussian distribution 7 with zero mean and covariance matrix ¥
given by

5 T
g X o

by 2y

M =

)

9T
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where X, = I71(yp*) € RP*P and £; € RS*S are the limiting variances of ¢ and T,
while Zlﬂf‘ € RP*S is the limiting covariance. Thus, thanks to standard properties of the
multivariate Gaussian distribution, the determinant of ¥ can be computed as

det() = det(Sy)det (Sg — BL 271555 ) = det(S;)det (Varw (T ] 0))

= det (Z7(y")) det (V(y7)),
which implies that ¥ is non singular. Indeed, det (Z~*(¢)*)) > 0 by (B3), while det (V (¢*)) >
0 by (B4). Therefore, by Theorem 1 in [55], the Gibbs sampler on the limit Gaussian tar-
get has a strictly positive spectral gap. Moreover, since the Gibbs sampler in has two

blocks, by Lemma we have fmiw(e, M) < oo for every M and e: thus the result follows
by Corollary O

C.15 Proof of Proposition 4.5

Proof. Using the notation Fo[-],Vare () and Cove(:,-) for the limiting mean, variance
and covariance, by Propositions [£.3] and [£.4] we have

Es Y] =0p, Vare(¥) =Z (")

and
Ew[T |4] = Cw)d, Varse (T |9) = V(57).
By standard properties of the multivariate Gaussian distribution we have
Ew[T] =05, Covee (T.4) = O )Varee (¥) = Cw)T ™ (¥")
and o B ) .
Varoo (T) = Vara (T | ¢) + Cove (T, ¢) Var! () Cov (T, w)

= V(@) + CEHTH(")CT (v"),
as desired. O

C.16 Proof of Corollary

We need three preliminary lemmas. The first one is a special version of well-known results
(e.g. [59]).
Lemma C.19. The Gibbs sampler targeting the distribution in Proposition [{.5 can be

written as = 6) = 1)
T T~ U
o) =8 gen] +[oa)
where
Osys C(y*)
B =
Opxs 1 (")CT (%) {V (") + CW")T (@) CT ()} Cw*)
and

Uy T
{Uz] ~ N (0s4p,% — BEB")
Proof. By Proposition .4 we have

E [Tw | T(tfl)’@;afl)} — C(*)PtD,
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Moreover, by Proposition [4.5| and standard properties of the multivariate Gaussian distri-
bution, we have

B[ | T, )
=K [I_l(‘t/i*)CT(iﬁ*) {V(y*)+ C(z/J*)I‘l(zp*)CT(w*)}_l FO | F-1 -1
=T (W*)CT () {V(@*) + C*)T 1 (@) (")} ) dt,
as desired. O

Lemma C.20. Let
Osxs A

)

0D><S w

with A € RS*P and W € RP*P . Then M and W have the same non null eigenvalues.

M =

Proof. Let 1 # 0 be an eigenvalue of M, with eigenvector x = [z&,x]]T. We have

_ Azp | _ |pxs
Mz =px <& {pr} = LMD )

so that p is an eigenvalue of W with eigenvector xp. Indeed, xp is different from the null
vector, since pu # 0.
Let A # 0 be an eigenvalue of W with eigenvector zp. Then

Azp AiL’D Azp
A — — A
] =l - [E]

so that A is an eigenvalue of M, with eigenvector

Azp
A
rp ’

as desired. O

Lemma C.21. Let A € RP*S gnd B € RSP . Then the matrices AB and BA have the
same non-null eigenvalues.

Proof. Let A # 0 be an eigenvalue of AB, with eigenvector v € R”. Then
ABv = B(AB)v = (BA)Buv.
Since Bv # 0 we conclude that X is an eigenvalue of BA with eigenvector Buv. O

Proof of Corollary[{.6f. With B as in Lemma by Theorem 1 in [55] the spectral gap
of the Gibbs sampler with operator P is given by

Gap(P) = min {1 — |\;| : \; eigenvalue of B}
Thus, by Lemma with M := B and
W =271 ()T () {V (") + CEHI @O (")} O,
we have

Gap(P) = min {1 — || : A eigenvalue of 71 (4*)C'T (v¥) {V(w*) + C(ib*)I_l(w*)CT(w*)}_l C(w*)} )

o4



By Lemma with
A=T ("0 (YY), B={V(y")+ C(¢*)I_1(¢*)CT(¢*)}_1 C(¥")

we deduce
Gap(P) = min {1 —[Ai] © A eigenvalue of {V (y*) + C(¢*)I*1(¢*)0T(¢*)}‘l C(w*)fl(w*)cT(w*)} .
Notice that

(V™) + CTH@)CT (M)} C) T @) CT (@)

=1 {V(") + COIT @)CT @M} V().
Since A is an eigenvalue of A if and only if 1 — X is an eigenvalue of I — A, it follows that
Gap(P) = min {1 = |1 = Ail; A; eigenvalue of {V(4*) + C(w")T ' @")CT (W)} V(6" }.

Moreover the eigenvalues of the inverse are the inverse of the eigenvalues, so that the rate
of convergence is equal to

Gap(P) = min{l - ‘1 — )\i

7

: \; eigenvalue of V1 (1)*) {V(?/J*) + C(w*)11(¢*)CT(¢*)}} )
Since

V) V@) + C")I (" )CT ()} =T+ V7 H ") O ) ()T (¢*),

we have

Gap(P) = min {1 - ’1

1 <\ el —1 * * —1 * T *
“Tral A; eigenvalue of V7 (¢*)C(v* )T~ (¢v*)C " (¢ )}

Moreover both V=1(y*) and C(¢*)Z~1(1p*)CT (1*) are positive semi-definite, so that also
their product is positive semi-definite and has positive eigenvalues. Therefore we conclude

~ 1
Gap(P) = min {1_’_)\ ; A; eigenvalue of V_l(w*)C(w*)I_l(w*)CT(z/)*)}
and the result follows by Corollary O

C.17 Proof of Corollary
We need a preliminary lemma, that we prove for self-containedness.
Lemma C.22. Let p(0 | ¢) be as in (L4). Then it holds

 Bn()0yAW)

awA(w), Var(T(0) | v) = {3514(%/1) 311;77(1/1)} [Dm()] 2.

Ayn()

E[T0) | 4] =
Proof. Differentiating the following equality

1= / p(6 | ) a9, (79)

by the regularity properties of the exponential family we get
0= [ 9up(0] ¥) 20 = 0y () EIT() | ¥]+ 0, 4(0),
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and the formula for the expected value follows. As regards the variance, differentiating
twice, we obtain

0 = 3n(Y)EIT(6) | =03 A()+[0yn(¥))* EIT*(0) | ¢]-2[0yn()]” BT (0) | Y]+, A())*.

Noticing that
[Dun(w)] E*[T(8) | ] = [0 A(s))?

and rearranging, we get

ORAW) = i) EIT(0) | ] = [9un(w)]* Var(T(9) | v),

from which the result follows. O

Proof of Corollary[{.} By Corollary [1.6] we have
. 1 CQ(W)
where
C(¥) = Ey, [0, E[T(6;) | Y;, ¥]],
V(¥) = By, [Var(T(0;) | Y}, ¥)],
I(y) = —Ey, [0} logg(Y; | )] ,
with g(y | ¢) as in (16)). As regards C(v), notice that

JTO) Y |6)0yp(6 | ) db

0, EIT(6) | Y, = Tiars
[ TO)F(Y | 0)p(0 ] 4)d0] [ 7V | 0)2up(0 | ) ]
(Y [ ¥)
=0yn(Y)E [T*(0) | Y, ¥] — yn(¢)E* [T(0) | Y, ]
=0yn(¢)Var (T(0) | Y, ¢).
Therefore
C2(y*) = [0yn(y")]” By, [Var (T(6;) | Y;,¢")]. (80)

As regards Z(1), notice that

ffY|93wp(9W) fT Y\G)(9\¢)d9

and
0 g o(%; | ) = 3n(WELT0) | V)~ B A() + Dty LT DO 9100
VLI TOI010)p(0 14) 0] [] (V| 0)8yp(0] ) 0]

— dun(v 2V )
= 02n(W)E[T(0) | Y, ] — 93A(W) + [9yn(v)) Var (T(8) | Y, ).

Noticing that, by Lemma we have

o OuA
EnW)E[T(0) | Y, 4] — 05 A(y) = {%AW) _ W}

= [0yn(¥))* Var (T(0) | ¥),
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we get
Z(*) = [Dpn(w*))* Var (T(6;) | ) = [Dun(v*)]* By, [Var (T(6;) | Y;,¢7)]
= [Dyn(v*))* Vary, (E[T(0;) | Y5,9"]),
by the Law of Total Variance. Combining and (B1)), it holds
B E%,] [Var (T'(6;) | Yj,¢")] _ Ey, [Var (T'(6;) | Yj,¢™)]
V(y*)Vary, (E[T(0;) | Y;,¢*])  Vary, (E[T(0;) | Y;,¢*])
The expression for v()*) follows by rearranging and applying the Law of Total Variance. [

(81)

C.18 Proof of Proposition

First of all notice that, by Bayes’ Theorem, we have

0; | Y;, u, 1 nd N (mj, (mto + Tl)_l) , (82)
where - - -
m; = 0 }/j + ! 1%
mTo + 71 mTo + 71

Recall that by (B1) we have

: 11d

g(- | ) = N (u*, ()~ + () "'H) ,

ZY, KN ( = m175>' (83)

Moreover we need some prehmmary lemmas.

Lemma C.23. Let X ~ N(v,02%). Then

so that

p
E[X?)] = () igPi B[ 7P,
=0

2

where Z ~ N(0,1) and

Bl77] = {0 if s is odd

275/2ﬁ12)! if s is even
Proof. The result follows by noticing X = v + ¢Z and applying Netwon’s Binomial Theo-
rem. O

Lemma C.24. Let A be mxm matriz such that A = al +bH, with a # b and a # (1—m)b.

Then det(A) = [a + mbla™ " and A~' = 11— WH
Proof. We start by the determinant
c d - d 11 -+ 1
d ¢ --- d d ¢ - d
det | . . . .| = e+ (m —1)d]det
d d c d d c
1 1 1
0 c¢c—d - 0
=[c+(m—-1d|. . | .| = e+ (m—=1Dd(c—d)™!
0 0 c—d



where the first equality comes by adding to the first row all the others, while the second
comes by subtracting the first row (scaled by d) from all the others. In our case c=a+b
and d = b, that is det(A4) = [a + mbla™ ™!, as desired. With our assumptions we get that
the determinant is different from zero.

As regards the inverse we prove A~! = zI 4 yH for suitable z and y. Indeed

(al + bH) (2 4+ yH) = axl + ayH + baH + byH? = axl + (ay + bx + mby)H.
Setting the above equal to I, we obtain = 1/a and

b
ay+br+mby=0 = y(a+mb):—a = y=-

as desired. 0

Lemma C.25. Consider the marginal likelihood as in (23), with ¢v* = (u*,77,75). Then
we have

R 0 0
I(z/J*) — ' 0 ’ % __m (84)
- 2(75)? (Tl* +m7g)? 2(7y +m‘r0 )2
m—1 (7' )
0 SrrAm)? 2T T A Fme )

Proof. The log-likelihood I(¢)) =log g(y | ) is given by
1 1 1
U, m0,m) = =5 log 2 — S log (det(%)) — 5 (Y1 — ul)' 71 (V1 — pl),

with ¥ = T(;ll—l- Tfllﬂl. By Lemma with a = T(;l and b= 7, ' we have

2
det(D) = (71 1 -lym—-1  y-1__ 7 70
et(X) = [ro " +mr (7o )", 70 ™+ mm

Thus, the log-likelihood becomes

P m
logTO - - log( B Z(YW —u)?

1
l(/-j’77—0a7—1) = 5 10g27T + 92 pt

2
2
70 t
——— (Y7 — pu)"'H(Y, — ).
2(71+m70>( 1 M) (1 lu)

Rewriting the last expression we get

m

.
Llogry — = log( L) = 5y (Y- p)?

T2 m ? :
+ 2(71—1—7077170) (Z(Yu - M)) .

=1

1
l(ps 70, 71) = — 510g277+

The required derivatives are given by

2
0%l mToT, 0%l m7o(211 + m7o) T3 -
a0 T T v a3 T T 53 > T . 3 Z(Yufu) ’
o n+mry’  OTf 278 (1 + mmo) (11 4+ m70)? \ =
2
821 m—1 71(71+2m7'0) (T1 +m7'()) —2m7'07'1 m ’7'0 Ui
92 T To.2 ~ 52 5+ Z Yii— ’
078 278 273 (11 + m7o) (11 + m7o)3 P
0% - 2mToT1 + m? 7'0
= Y ; — _——_— Y —
a,l,LaTO ;( 172 /J“) (Tl + mT() Z 1 Z 7

2
92l Tg i 9?1 m TOT1 U
- E Y i B = — E Y i .
oudr (11 4+ mmp)? i:l( Li =) Ot90T1  2(11 +m79)2 (11 +m7p)3 i:l( Li = H)

o8



The entries of the Fisher Information matrix reported in can then be computed from
the above expressions by taking expectations with respect to Y; and exploiting that

E[Yl,i — ,LL] = 0, E [(}/1,1 — M)Q] = Va)r(YVLi - ,u) = %
E <Z(YM - ,u)) =Var (Z(YM - ,u)) =[,...,1Var(Y)[1,...,1]*
i=1 i=1

=[,..., ) (g T+ H) L, ..., 1]

mTo + 71
=m|{——).
ToT1

Thus we can compute the entries of the Fisher Information matrix as

92l m—1 71(71 + 2mTo) m(r +mmo)? — 2m2rom — m37¢
Elo=|= 2 T 5.2
o 278 278 (11 + m70)? ToT1 (71 + MT0)2
m—1 712
278 278(11 + m7o)?’
E [0%1] _ m7o(271 + m7o) mto _ m27¢
ig 27 (m1 + m70)?2  m(m +m7o)? 27¢(11 + m7o)?’
ro92 2
E 0?1 _0, E 0?1 _0
_8/¢870 8/18’7’1
E [ 821 B m m B m
| 010071 C2(m+mm)?2 (i Amm)?2 2(m +mrp)?]
as desired. O

Lemma C.26. Let X ~ N(v,0?). Then

o2 (2va+b)?
2 1+4a254

’E {ei(aXz-&-bX)” < e
T (14 da2eh)Y

for every (a,b) € Ra.

Proof. By definition of expectation we have

2
v
o x2 o2 1 (z=v)? e 202 1[,2(1 o vy
E |:ez(aX +bX)i| _ / ez(az +bz) 67227 dz 675[2 (0—272111)722(0—24&1))] dz
R

V2mo?  V2ro? Jr

Notice that

9 (1 9 5 ( v n 'b> 1 — 2iac? 2_ o, + ibo? n v+ ibo? v + ibo?
— —2ia | -2z | — = — - |
oz T 2! o2 T 21002 T \1 - 2ia0? 1 2iao?
<1 2ia02> < v+ io2b >2 (v + ibo?)?

5
1 — 2iac? 02(1 — 2iac?)’

so that

(2u+iba?)22
L [ et G sl o - 0
V2ro? Jr V1 — 2ia0?

Finally, we get
(v+ibo?)?2
2 p202(1—2iac2)

E [eleX 0] = emim 85
VI —2iao? (85)
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With simple computations we obtain

(v+ibo?)?  (v* 4 2ivbo?® — b2o*)(1 + 2iac?)
202(1 — 2iac?) 202(1 + 4a%0*)
v? + 2ivbo? — b?o? + 2iv2ac? — 4vabo? — 2ic%ab?
202(1 + 4a%0*)
v? + 2i(vbo? + v2ac? — o%ab?) — dvabo* — otb?
202(1 + 4a%0?) '

Thus, by we can write

(v+ibo?)2
2 p202(1—2iac?)

E |:ei(aX2+bX)} e 7
V1 —2ia0?

that implies

1024204 tavabot £b2 o4 2 (2vatb)?
‘E |:ez‘(aX2+bX)H < e 2”2(“‘““2"4) _ e 2 1t4aZot 7
V1 — 2iac?| (1+4a204)1/4
as desired. 0
Define . .
¢=(p,m) and T=TO)= > 0, (0;—n)|. (86)
j=1  j=1

Next three lemmas show that assumptions (B1) — (B6) are satisfied for (T',1) as defined
above.

Lemma C.27. Consider the setting of Proposition [5.1 Then assumptions (B1) — (B3)
are satisfied for (T',v) as in .

Proof. 1t is easy to show that assumption (B1) is satisfied, with g(-) as in (23). As regards
(B2), suitable tests can be defined analogously to Lemma
Finally, by Lemma the Fisher Information is given by

mryT
mTy + 7]
for [ =1 and by
mTy Ty
ng +Tf 2 O *\2
0 m-(7g) ’
2(17 )2 (rf +m7g)?
for I = 2,3. Therefore (B3) is satisfied for any *. O

Lemma C.28. Consider the setting of Proposition . Then assumption (B4) is satisfied
for (T,) as in .

Proof. Since T(0;) = (05, (6; — p*)?) it holds
M (um | V) = E [0 | m] . My um | Vy) = B[00 =) | ]

By Lemma and (82)), we obtain

E [0} | }*i ’ AL, R - (kii)/QE[Zk’i]
i T 72,20 7 mro+ 71 7 mTo—FTl'u mTy + 71 '
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It is a finite sum of infinitely times differentiable terms (with respect to p and 71). Moreover,
for every k > 1, thanks to Lemma @l and , Ey, [|YJ|’“ \ /J,’Tl] is uniformly bounded
over (u, ) belonging to a bounded set.

Therefore, choosing d4 < 77, it is easy to find C' < oo that satisfies assumption (B4). O

Lemma C.29. Consider the setting of Proposition[5.1, Then assumptions (B5) and (B6)
are satisfied for (T, 1) as in (B6).

Proof. Assume p* = 0, the general case follows by similar calculations. Recall that the
posterior distribution of §; is given by N(m;,o?), with m; as in and

9 1
o= —.
mTy + T1
By Lemma we have

o (2mjtatt1)?

. 2 2 e 144t204
|B [t | v pm] [ < S (87)
(1+ 4t§04)1/2

Moreover, notice that

P (27njt2+t1)2
—CO —— "5 1 Vs
e 14+4t204 dt; = 1+ 4t%04,
R co?

for any ¢ > 0. Since §; are independent, given ;1 and 71, by Holder inequality we write

. F 2
/ ‘E [ez(n Z?:1 0j+t2 Z; 1 J) | Y Naﬁ” dtldtg — / H E [ i(t10; +t29 ) | Y /%ﬁ” dt1dt2
Ry ]R2

o2 (2mjta+t1)?

1+4t2 4 2 (2vjto+ty)
dt dty = aded qp | de
/R 1+4t2 +4a2en? 7 /(1+4t2 4)3/2 /He H

2J1

_ 352 (2v; t2‘2*’t11) 1/3
14f
ST [ )

[
=/-— [ — 5 dt
302/Rl+4t§04

Therefore
/‘(3)(t|Y1/J)’2dt< i/*dt < o0
R2 90 ’ - 30'2 R 1+4t%0'4 2 ’

where the right hand side does not depend on the data and it is a continuous function of
w and 1. This implies (B5) is satisfied with k = 3.

As regards (B6), by Lemma if t5 # 0 we have
1

|90(1)(t | Y'7N7T1)| < T /4
! (1+ 4204

while if ¢t = 0 then
ﬁt%

M (| Yy, )| < e

Therefore

1 a2 42
W1y < LN
lo (t|YJ,,u,T1)|_max{(1+4t304)1/4,e 3 },
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so that

1 o2 2
1) : —&e
sup @ (¢ | Yj, p, 71)| < max e,
[t]>e 7 (1 +6204)1/4

since at least one between ¢; and t2 must be larger than ¢/2. Notice that the right hand
side does not depend on Y; and is strictly smaller than 1 for every triplet (u, 71, 79). Since

o2 is a continuous function of y and 71, assumption (B6) is satisfied by choosing d¢ < 77

and k&' = 1.
O

Proof of Proposition[5.4 The result for P; follows directly by Theorem [.2] whose assump-

tions are satisfied by Lemmas and As regards P, and Ps, they are not
particular cases of Theorem since the two operators are different by the one in .
However, the result follows by very similar arguments, that we briefly summarize. Since
by construction

L(dY|6,Y1.p) = L (dy | T(B). Y1)

a direct analogue of Lemma [4.1] holds. Moreover, following the proof of Theorem [4.2]

Lemmas and hold for T in (86). Finally, Corollary proves that the

limiting spectral gaps associated to P, and Ps are strictly positive: by Lemma this
implies t,. (6, M) < 0o for Ps, being a two-block Gibbs sampler. The same holds for Ps,
since in the limit it can be reduced to a two-block Gibbs sampler, as it will be clear by the
proof of Corollary [5.2] O
C.19 Proof of Corollary

We split the proof in two different cases.

C.19.1 Proof of Corollary for ~1(¢*)
Proof. By Corollary [£.7], the spectral gap is equal to

_ Vary, (E'0; | ¥,Y;])

W)=, 19)
By and we have
2
mTo — mTo
Vary, (E[6; Vi)=—— Vi )= ———
oy, (Bl 1037 = (22 ) L Var(3) = —
and Var (0; | ¥) = 7, !, that leads to
oy _ _ MTg
le(dJ )_ m,r6k+7_ik7
as desired. 0

C.19.2 Proof of Corollary for v2(¢*) and ~3(¢*)
We need a technical Lemma.

Lemma C.30. Consider the setting of Proposition[5.1 Then

it 0 71+ 0
x\ _ | mTS+T x\ _ | mTy+T
C(w ) = 00 ! T 42m] ) VWJ ) - 00 ! 27 +4m7] )
T (m7i+77)? T (m7i+77)?

with C(¢*) and V(¢*) as in (38).
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Proof. Recall that, in the context of Proposition we define T1(0;) = 6; and T»(0;) =
(0; — pu*)?. By we have
E[T1(0;) | Y;, 9] =

mTo — T1
J

Hy

mTo + 71 mTo + 71

+
2
mTo — T1 %
Y + Y .
mTo + 7'1 mTo + 71 mTo + 71

E[T5(0;) | Y;, 9] =

Therefore we can compute C(1)*) as
* T*
By, [0,M (" | Y})] = —1

mry 4+ 7] ’

271 mTy S mre
By, 0, Ma(w" [ V)] = By, | -2 (g B,

mri+r \mrg+1 7 omrg T
« mry . mrg
By Rr M7 1)) = By, [_(mTS‘ +r)2 T (g +T1)2H } =0

1

Ey, [0, My | Yj)] = — (g 1772

mr{ - mr§ mrj - mr§
Ev |2 = 0 Y. + 0 * 0 Y. — 0
YJ[ ( (mrg +707 " lmrg + 2" ) \mmg + 70 7w

1 (m75)* % 2
_— _2 By [(V; — u*
(g P g+ (007
I
I R e ey

by .

We now consider V (1*). Given X ~ N(u,0?), we have
Cov(X, X?) = 2uc?, Var(X?) = 20" + 44%0?

which can be easily derived by computing the first four moments of X using Lemma [C.23]
which are E[X] = p, E[X?] = p? + 02, E[X3] = 3uo? + p?® and E[X*] = 30* + 6u%0?% + u?.
By we have

1
Var(0: | Vi ") = ——
ar(0; | Yj, ") mT6‘+Tf7
Cov(, (0 — w*)? | V;,9%) = Cov(t; — ", (0; — p*)? | Y, 0%) = 22 —F
mTy + T4
P 4 )
ar((0; — p*)° | Yj,9") (ng+Tf>2+ng+Tf (my —p*)
2 4 mrg 2
= Y. — u* * )
(mrg +71)? + mr§ + 7 (mT{f—FTl*( ;) )
Therefore, we conclude
Ey, [Cov(8;,67 | Yj,4")] =
and
By, Var(@? | )] = — 2 A (-8 (e
I 7D (mrg+75)2  mrg+77 | \mrd 4+ 1 J
2 4m2(70*)2 > 2
= Ey |(Y; — pu*
(g 772 g ey (00 ]
_ 2 dmry
C(mrg + )2 T (mrg + )2
as desired. O
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Lemma C.31. Consider the same assumptions of Proposition|5.1. Then

HL(dT, & | Yi.s) — N (0, E)HTV =0,

as J — 00, in prof)—probability, where (’1:'7 1/;) are derived by with transformations
and and where

T +2mT] 7 (17 +2m7y
2y 0 —2nirRe) 0
0 1 1 0 0 1
= mrg mrg
2= | gnepamm) " g mDiremm)? (83)
m2(rg)? m2 (7§ )2

1 mt+711
0 mTy 0 mryT

Proof. The result follows by an argument similar to the proof of Proposition where

V() + CWHIHWH)CT () CWHIH (")

3y =
71 (") C T (4) I (y")
The entries of ¥ can be computed through Lemmas and O

Proof of Corollary for v2(¥*) and v3(1»*). Recall that P, is the transition kernel of
the Gibbs sampler that alternates updates from £ (du,d0 | 71,Y1.s) and £ (dmy | 6, i, Y1.5).
Through the same reasoning of Lemma[4.1] the mixing times of P, are the same of the Gibbs
sampler targeting £ (du,dr,dT | Y1.5) by alternating updates from £ (dy,dT | 71, Y1.7)
and £ (dry | u, T, Y1.7). Indeed

L(dTl | ﬂ,o,YLJ) =L (dTl | M,T(9)7Y'1:J) .

Therefore, by Corollary ~v2(¢*) is the spectral gap of the Gibbs sampler alternating
updates from £ (d/], dTy,dTs | ﬁ) and £ (dﬁ | [t T, Tg), where lj() is the law identified

in Lemma |C.31] By inspection of the matrix , (/l,’f’l) is independent from 7y and

T, according to L, so that (ﬂ, T1> is sampled independently from everything else at each

iteration. Therefore by the same arguments of the proof of Corollary [£.6] we have

S p— | ( g >2-

222 244 ng + 7'1*

Instead, recall that Ps is the transition kernel of the Gibbs sampler that alternates updates
from £(dO | m,Y1.s), L(du | O0,7,Y1.7) and L(dr | 8,1, Y1.5). Reasoning as before, by
Corollary ~3(1*) is the spectral gap of the Gibbs sampler alternating updates from
L(aT | i, 7:1), L (dﬂ | 71, T) and £ (dﬁ | 2, T), where £(-) is the law identified in Lemma
By inspection of the matrix , the pair (fi,T}) is independent from (71, T),
according to £. By standard properties of the Gibbs samplers (e.g. Lemma 2 in [42]), the

spectral gap is given by the minimum of the spectral gaps of the Gibbs samplers associated
to the two pairs, i.e.

2 2 mrg 2
*Y=min{1— 21— 13 }: (0)
73(1# ) { 222244 211233 7’)1’7'6k + Tik

Notice that the result of Lemma [C.6 holds even if P5 has three blocks: indeed, by inspec-
tion of the matrix , it and 71 are independent according to £, so that the updates

L (dﬂ | 71, T) and £ (d7y | fi, T) can be equivalently seen as a single one. O
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C.20 Proof of Lemma [5.3

Since it will be useful in the following, we denote

c(p,7) = min | 1, T)

(7)) = min - g(yr [ 1.7)
with g(y, | p,7) defined in . Notice that by construction, see e.g. (26]), we have
0 < c(p,7) < 1. Also, g(yr | i, 7) is continuous w.r.t. (i, 7) since it is defined in as the
integral of a bounded function, 6 — f(y | 8), with respect to the normal kernel which is
continuous w.r.t. (u, 7). It follows that also ¢(u, 7) is continuous, since it is the minimum

of a finite number of continuous functions. Define

c:= inf ¢(p,7)>0 89
(nt ) (89)
where B is the largest of the three balls — namely Bj,, Bs, and Bs, — centered at ¢* =
(u*,7*) defined in (B4), (B5) and (B6), respectively. The positivity of ¢ follows from the

continuity of ¢(u, 7) and the compactness of B.

Recall that T'(6;) = (6;,07). Thus we need three lemmas.

Lemma C.32. Consider the setting of Lemma , Then assumption (B4) is satisfied.

Proof. First of all, consider V(¢*), as defined in (38]). For every y = 0,...,m, we have
that the posterior distribution of §; admits a density with respect to the Lebesgue measure
of the form

p(0; [y, 1, 7) o< fyr | 05)N (0 | p1,7),
which implies that

Var(6; | y,v*) >0, Var(6? | y,4*) >0, |Corr(6;,67 | y,9*)| < 1.

Consequently V(¢*) is a sum of positive definite matrices and is therefore non singular.
Secondly, let s,p = 1,2. Then by Bayes’ Theorem it follows

Jo 0P f(yr | O)N(O | p,771) dO
Jx flyr |OON(O | p,7—1)dO

M®P) (y, | p,7) = r=0,....m.

Therefore

(yr | 0)0.N(O | p,71)dO

fR (yr [ONO [ 7 1) d0

‘(fRepfyTw) O], m=1)0) (f f(yr | 00N (O | 7= 1) dB)
(Ju F(yr | O)N(O | pr,7-1) ) ’

10, M (y, | )| <

By definition of ¢ we have

1
0,07, | o) <7 [ 107 0,86 | 7] a0+

% </}R |0]PN (6 | u,Tl)dﬁ) </Ra|p{aﬂN(9 |7 d9>

S / (6 — )67 IN(B | jr 7)Ao+
R

= (L10=wornenras) ([ 1orr|ve | ur) as).

The right hand side does not depend on the data, so that

T T
0 M (g | 17| < mZE(0;=)05| | 71 4+m—5 E(0;—=)03) | I E01” | 1, 7).
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By the specification of model , the prior absolute moments are all finite and continuous
function of p and 7: therefore the right hand side is uniformly bounded for every bounded
neighborhood of (u*, 7*). Using a similar argument for all the other quantities involved, it
is easy to see that assumption (B4) holds for every d4 < 7*. O

Lemma C.33. Consider the setting of Lemma . Then assumption (B5) is satisfied
with k = 5.

Proof. Consider the random vector X = (X1, X») = (Z] 1 93723 1 F)Jz) First of all we

prove that X admits a density function with respect to the Lebesgue measure on R2,
conditional to (u, 7). By Lemma and conditional independence of #; we have

_522 02 (2uf2+t1)
1+4t204

E {ei(t1X1+t2X2) | /%7'1” < e ,
‘ (1+ 4t204)°/*

where we denote 02 = 771, so that we can write

/ |sox<t|w>|dt=/
R2 R2
/ 1 / _5% <2ut2+2t14)2

< _ e Hatze” dty | dta
R (1 +4t§0_4)5/4 R (90)

277/ 1 Aty <
= R —_— 2 Q.
V502 Ja (1 + 4t204)>/

Therefore, by the Inversion Formula we have that X admits a density p(z | p,7) with
respect to the Lebesgue measure on R2. Thus, by Bayes’ Theorem we can write

[ez‘(t1X1+tz 331 Xa) |'Y, ., 7'1} ’ dtidts

f(Yl:E) | {E,,LL,T)p(l’ | ,L"vT)
FYis | @y, m)p(o | g, 7) do

p(fE | Y1257.ua7-) = f
R2

where f(Y1.5 | @, u,7) = fH?Zl f(Y; | 0;)L(db1:5 | @, p, 7). Tt is easy to see that f(V7.5 |
x, 1, 7) <1 and

5
/]R2 f(lef) | l'aﬂﬂ')P(l' | M, T H Y | w, T) =2 57

for every (u,T) € Bs,, with 5 to be fixed. We can therefore conclude that

p(x | Yis,p,7) < W

We can now apply the Plancherel identity to get

2 1
/ ‘90(5)@ | Y%T)) dt:/ Pen, @ | Yo 7)de < 5 [ p*en, 22 | p,7) da
R2 R2 C R2
Applying again the Plancherel identity we obtain
[ leervinn] ar< 55 [ loxtennP de< 55 [ lexttinnat <o
by for every 7 > 0. Therefore assumption (B5) follows with d5 < 7*. O

Lemma C.34. Consider the setting of Lemma . Then assumption (B6) is satisfied
with k' = 5.
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Proof. As shown in the proof of Lemma the vector (ZJ 165, Zj 1 9?) admits a den-
sity with respect to the Lebesgue measure on R?, conditional to Y and (u*,7*). Therefore,
by Lemma 4 in Chapter 15 of [20], |¢®) (¢ | Y, u*,7*)| < 1 for every t = (tl,tg). Moreover,
by Riemann-Lebesgue Lemma we have

(| YT =0,

as [t| = oo. We conclude

sup [P (¢ | Y, 7)) < 1.
1] >e

Let dg > 0 to be chosen later and (u,7) € Bs,. Then by Taylor formula we get

e 1Yo m)P = 100 (Y, 0 7 P (7 =)0l o (8| Y 1, 7) P (" =)0 [0 (¢ | Y, 1, 7)1,
(91)
where (i, 7) € Bs,. Notice that

2
5 5 FOYG 1 0,)NO; | p,771)
e " b do.
| (t | Y, p,7)] (/RgCOS (tljzl j+t2j§1 ]) {H FOY5 [ )N(j | p 7~ dqu} 1‘5)
+ / sin | ¢ 25:94+t 25:92. ﬁ fOG 10;)N(0; | ™) e 2
RS 1j:1 J 2j:1 J i S5 19Ny | py 1) de; 5]

which implies

Oule® (¢ | Y, o) 2| <2
J

5 5 5 Y | 60,)NO; | p, 7 1)
<] 9 92 BL : 7 da
/Rsbln (tljz_; J +t2jz:; 3) ! {]1:[1 Je FG 1) N (5 | gy m=1)depy "
H FO5 1 0,)N0; | p, 1)
M Y | 95)N (5 | g, 7= 1)dep;
{ JOG 10N, | p,m") Hdg,'
FOG TN (g | o D)dg; S|

/ cos | 1 25:9] t it 25:02 8H ﬁ Y | 0; ) (9] | H:Tﬁl) d91-5
o S\ 2 0 0 WL T N G T a4

+2

and therefore

d91:5

Oule®) ¢ | Y, )| S4/,

(92)

Moreover, for every 7 =0, ..., m, we have

flyr |ON@O | p, 771 Yr | )0, N0 | p, 771
a“{fRf((yr ||¢;NE¢|| = 1)d¢}‘ : HIR (ymi zi|u,rl>3w}‘
{f@rmw(em, ) (Jyo £ | 0)ON @ | 7~ >dw)}|

(Jo Fr | )N | py 7= 1)dep)?
N@O|p7Y)

LT s L10,80 L ([ 100 L iaw )

60— u|N(0 4
= g 0t '”’T)+C%|e—u|zv<e|u,r-1> ([ 1= v e a).

c

+

<

Therefore, by there exists C(dg) < oo which does not depend on p and 7 such that
_ _ 2
Jolo =N | pr a0 (IR 0= N | 1)de>

C Cc

Oule®(t | Y, , 72| <do7

C (%),
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for every (u, ) € Bs, Notice that C(ds) becomes smaller as dg decreases. Similarly holds
for 9. |p®) (t | Y, i, 7)|?, so that by we have
Ot | Y, p,7)* < |t | Y05 7)) + |t — pulC(6 *— 706
|(p ( | auvT)‘ —|L)0 ( | s T )‘ —i_|:u M| (6)+|T 7-| (6)
<@t [ Y*, ) + 266C (56)-
Since sup [p®) (¢ | Y, p*,7%)[?
[t|>e

< 1, by choosing dg small enough we have
sup  sup | (t | Y, pu,7)[2 < sup [P (¢ | Y, p*,7) |2 4 206C(06) < 1,
(m,T)EBsg [t|>e [t|=e
and (B6) is satisfied. O

Proof of Lemma[5.3 Assumption (B4) is satisfied by Lemma assumption (B5) by
Lemma and assumption (B6) by Lemma O

C.21 Proof of Proposition |5.4

Proof. Requirements (B1)— (B3) of Theorem |4.2|are satisfied by assumption, while (B4) —
(B6) hold by Lemma O

C.22 Proof of Corollary [5.5
Proof. The result is a direct consequence of Corollary O

C.23 Statement and proof of Lemma

Let .
m eY
0) = —_— 93
110 = (") (99)
where y = 0, ..., m. It means that for each group, conditional to 8, m independent Bernoulli

trials are performed, with probability of success given by ¢ /(1+¢?). The following Section
is devoted to the proof of the following lemma.

Lemma C.35. Consider the setting of Proposition with likelihood . The Fisher
Information Matriz I(p, ) is non-singular if and only if m > 2, for every (u, 7).

First of all we need few preliminary results.

Lemma C.36. Consider the setting of Pmposition with likelihood and fix (1, 7).
Let h(y | p,7) =logg(y | p, ), with g(-) as in [28). Then it holds

By | L0 | )| = By | 20 | ur)| =0
gt ] =B [

and

Ey

@h(mum)ﬂ <oo, By (;ﬁwmﬂﬂ < o0,

Moreover, for every y =0,...,m we have

9 m\ [ e [y+ye’ —me’] [T . 2
N = I (D))
aMg(y | 11, 7) (y)/ T oy 5o¢ do

0 m\ 1 ev? [y + yee — mee} T . 5
_ = — _ — PR _f(e_u)
8T9(y |, 1, 7) (y) o /(9 ) (L5 Pyt 5-¢ dg.
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Proof. Through Dominated Convergence Theorem it is easy to verify that

0 m ev? 0 T _x 2

— - _ —f(e—ﬂ)
on? ol lmm) = <y>/(1+69)mau{\/2ﬂe }da
0 m ev? 0 T 2
I _ - Y =T (0—-p)
5.9 | 17) (y) / (50 or {\/%e } de,

that is integrals and derivatives can be exchanged. Therefore

and

) B 11 )
o h(y [, p,7) = E[0 —p|y,p, 7], %h(yhﬂﬁ)*%*iE[(Q*M) |y, . 7]

and the statements on h(y | u, ) easily follow. Moreover

0 m e¥? T 1 2
- _ - (p_ L e 5(0-p)
sl r) = (") [ i Oy 0 g
m\ [ e by —me’] [T
= y (1+60)m+1 %e 2 d9
integrating by parts. Similarly
0 m\ 1 ev? T _x 2
- iy AR R R D)
sratl i) = (") 5 [ o 0" 00
m\ 1 e¥? 2 | T _z(o—p)2
()3 oo
y0 0 _ 0
=-( i/(e_u)ey y+ye’ —mel] [T gy g
y ) 2T (1 4 ef)ym+1 27

Lemma C.37. Consider the setting of Proposition with likelihood and let y,y' €
{0,1,...,m} be such that y <y’ and m > 1. Then

O

Efyprl <E[]y,p7]
for every (p,71).
Proof. Fix (u, 7). Consider the function

x6
fe(l—i-ee)m \% 6 e N

| w3 62(6“)(19.

r(z) =

with = € (0,m). Notice that

ry)=E0|y,p7] and r@y)=E0]y, p7].

Notice that

2
d (z) = fﬂ 1+e9)”’ 6 Z(0-w)? d6 f0(1+e9 e Z(0—p)? dé
—r(x = 5 — — >0
dz | w5 F0-m% e | ey \/>e ey
for every x € (0,m) by Jensen inequality. Therefore r(z) is strictly increasing and r(y) <
r(y'). O
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Lemma C.38. Consider the setting of Proposition with likelihood (93)). Then the
Fisher Information Matriz I(u,T) is non-singular in (u,7) if and only if there exists oo =
alp, 7) # 0 such that

0 0
! 9y L) =az-gly | p,7)
for everyy=0,...,m

Proof. Fix a pair (i, 7). By Lemma the matrix I(u,7) is well-defined. The determi-

nant is given by
(;ﬁWW%ﬂy (iﬁameoz—Eﬂ(ﬁﬁﬂ%mﬂ)(iﬁ&Wmﬂﬂ.

By Cauchy—Schwartz inequality, the above formula is always non-negative and it is equal
to 0 if and only if %h(Y | u,7) and %h(Y | pu, 7) are linearly dependent, that is

Ey Ey

G | a.7) = oy | o) + 5 (94)

for every y € {0,1,...,m} and for constants o and 8. By Lemma it is immediate to
prove 8 = 0. Moreover, by Lemma we deduce that « # 0. Multiplying by g(y | i, 7)
on both sides of we get the final result. O

Proof of Lemma[C.35 Fix (u,7) and let m = 1. Define
2790 | 1)
590 | p,)°

Notice that « is well defined, since 87’ 9(0 | u, 7) # 0 for every (u, 7). Then by construction

B B)
@g(o |, 7) = ap- 90| p,7)

and

9, d 9, 0
1 . - - 1
8M(Iua) wg(O\u,) ag-g(0]p,7)=azg(l|uT),
so that the Fisher Information matrix is singular by Lemma [C.38|

Let m > 2 and fix (u, 7). Assume by contradiction that I(u,7) is singular. By Lemma
we have that there exists a # 0 such that

B B
! gy | p,7) = az-g gy | p,7)

for every y € {0,1,...,m}. By the second part of Lemma for y =0 and y = m it
implies

e’ 1 T 2 m ef T T 2
_ = [ e—300-m7 4 = 7/ 0—py)—— 5 0-1)7 g
m/(1+69)m+“/27re 2 ag- ( 'u)(lJre(’)mH 5-¢
mo mo
e 50w g = 7/9 p———— S (O DRRT)
m/(1+ee)m+1 2t “ WA erym\ 3¢

Since a # 0, we conclude

f(9 — 1) (/o E 07 dg f(9 —h Hefoie)mﬂﬁe—%(e—m? 0
1+Z:)6m+1 Vage 20t do - 1+ee)m+1 Ve 0-midg
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that means
E[e ‘ mvﬂvT] = E[9 ‘ ]-vﬁLaT]'

Since m > 1, the above equality directly contradicts Lemma Therefore the Fisher
Information matrix is non singular. U

C.24 Proof of Proposition

Define a one-to-one transformation of ¥ = (u, 71, 70) as
J
)= WW¢>AhwaZ 4"V log g(Y; | ¢%), (95)

with g(-) as in and Z(¢*) as in (34).

Lemma C.39. Consider the assumptions of Proposition|5.60L Then it holds

@ i) =N (.27 @), 0.

as J — 00 in fof)—pmbability, with Z(¢¥*) non singular matriz as in ,

Proof. The result follows by Theorem Indeed, the map ¥ — g(y | ) clearly satisfies
identifiability and smoothness requirements. Moreover, by Lemma we have

m3(m —1)1g

det (Z(¢")) =

that is strictly positive for every ©*, with m > 2. As regards the testing conditions,
analogously to Lemma define

*

U= x Wy x Uy = [u* — 1, 0" +1] x B,zﬁ*} x {7'20,275]

compact neighborhood of ¥* and
UJ(YltJ) =1- 191(Y1;.1)S61 ]lgz(Y1:J)S62 193(Y1:.])S037

where (¢, co, c3) are positive constants to be fixed and

J
_ 1 1
Yig) =¥ — Y1) = I
g (Yg) =Y —p*|,  g2(Yiy) = E: = |
J
1 N 1
YlJ j§:<]1*Y1)<J,2*Y2>7Ea

where
I 1 J
By definition of g(+) in . by the Law of Large numbers we have

J
/U]le H (dy; | ¥")
=1

S P(g1(Y1.g) > c1) + P(92(Y1.5) > c2) + P (g3(Y1.7) > ¢c3) = 0,

K< \
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as J — oo for every strictly positive constants (c1, ca,c3). Moreover, notice that

J
sup/l—wyu [T o(dy; 1)
Ve ot

< sup P(gs(Yr.s) <c3)+  sup  P(ga(Y1g) < c2) + sup P(g1(Y1.7) > 1)
T1€¥2 T1EV2, T0EW¥3 ugW1, To€EWs, T1EV2

With the same reasoning of the proof of Lemma we can find (c1, ¢a,¢3) such that the
three suprema goes to 0 as J — co. O

We need another technical Lemma.

Lemma C.40. Consider the setting of Proposition|5.6, Then we have

2
mm _ 5

V. _
mty + 11 (m70+71> (¥ — )%,

E[(0; —p)?|Y,¢] =

5 1 I z
E[(oj_yj)2|Y7¢]:m70+7'1+<7m'0+7'1> (Yj_'u)2
and . ) 2 i i
Var((ej - /1‘) ‘ Y, w) = (mTo +7_1)2 (mTo +7’1)3 ij - N) )
_ 2 T2 _
VGT((ej - }/1)2 | }/’77[}) = (mT() +Tl)2 + (mTo‘l"Tl)?) }/J - M)Q
and
Y% 2 mToT1 —
Cou ((6; = 1% (0 = ¥))* | Yov) = (s =4 s (V= )™

Proof. Notice that by we have

o ) o mT 5 —1
0500 Y500~ N (=225 = ), (1))

and

0; —Y;) | Y, ~ N (1(M—Yj),(mm+ﬁ)‘1) .

mTy + T1

Therefore we have

2
B0, —w)? | V9] = — +( mo )(Yj—m%

mTo + T1 mTo + T1

and similarly for the other case. If X ~ N(u,0?), by Lemma m C.23| we have E[X*] =

30t + 6p%0? + pt. In our case, considering o = (m7 + 71)" /2 and Bo= R (Y; — ),
we have

3 m27d - M .
E0, — Y. v = 6 0 V. — )2 IR WS Y
[(0; — )" | Y, 9] e (mTOJrTl)g( i+ (o) -
and
9 9 1 mQTg — 9 mTy 1 4
E°|(0; — Y, = 2 Y, — _— Y, — .
K J 'u) ‘ 71/}] (m7’0+7'1)2 + (m7'0+7'1)3( J M) + <m70+71) ( J /J)
Therefore
9 2 mQTg — 9
Var ((6; — p)* | Y,9) = 1 Y —n)?,

(mmy 4+ 1) (mmg 4+ 11)3
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and similarly for the other one. Finally, again by Lemma if Z ~ N(0,1) we have
El(0Z +m)* (0Z 4 p2)?] = 30 + 02(u3 + 4prpa + /LQ) + i3, In our case, considering

o= (mm + 71)_1/2, p = (Y; — p) and pg = et (1 — Y;), we have
- 3 m27é - T2 -
E [(93' - ﬂ)Q(ej - Yj)2 | Y,¢] :(mT() +7m)% " (m7 +OT1)3 (Yj - U)2 + m(yj - N)Z
2.2 9
mToT1 — 9 M1y T — 4
AL G v 0 gy
(m7o + T1)3( s (mmo+1)4 ")
and
E[(0; —w)? | Y, 9] E[(0; = Y))* | Y, 4] =
1 m2r8 - T2 - m2rir
Yi— )2+ — 1y, )2 01 oy )4
(mmo +711)2  (m70+ 7'1)3( iR (mro+11)3 " 2 (mro+71)4 2
Therefore
— 2 mToTy —
Cov ((6; — )%, (0, — Y;)? | Y,0) = —4 Y, — p)?
ov (( i — 1) (0; i) ’w) (mro +11)2 (mTOJrTl)s( i)
as desired. O
Define
0 1 m + mro(11) "t 2
C(y) = 0 (mroii-n)z (m'ro7$‘r1)2 V() = (mT0+Tl)2 (m7o+71)2 (171'1'0-"-‘1'1)(2 )1
T1(MTo
(m7o+71)* (m7o+71)? m (’m‘l'o-‘r‘l'l)2 + 4(771‘F0-i-‘F1)2

(96)
Now we define a linear rescaling of T' = (ijl(ﬁj -Y;)2, ijl(ﬁj - u)z) as
J v)? - 1 ( ™ )2 (v *)2
J mri+ry  \mri4rs T H
= Z L ( O ~CWNAs,(97)
1 - mr}

2 _ 2
ngJr‘rl*) (}/7_/’(‘)

with A; as in . The next lemma shows the asymptotic distribution of T' using the
weak topology.

Lemma C.41. Define 1[1 and T as in and , respectively. For every 77/; € RP it
holds

j:1 0 _'u) mrl+7

|e@ | Y0 9) = v (C@Hd V)| =0,
ngf)—almost surely as J — co.

Proof. The result follows by arguments similar to the proof of Lemma First of all
notice that C'(¢) defined in is such that

(B, [0,E1(0, ~ Y2 | ;0] By, [0, B0, V)2 | Y;0] By, [0, E((0; V)2 | ¥, 0
o) = {Ey [0,B((0; — 12 | Y6 By, [0 Bl(0; — 1)? | Y, ]] En[[amE[wj—mw- ]] }

since by Lemma we have

By, [0,B((0; — Y;)* | Y;,¥] = By, [0,B[(0; — n)* | ;4] =0,

EYj [87'0E[(9j - }7])2 | Yjﬂ/’] = EYj [(’LOE[(@J- - #)2 ‘ Y}»w] = ma
_ 1
By, [0, E[(0; = Y;)? | Y}, 0] = By, [0, E[(6; — p*)* | Y}, 0] = G
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By the same reasoning in the proofs of and we get

Y+
Vi

T| Yi.s, " + C(Y™ )

and ~

v+ Ay
vai

fof)—almost surely as J — co. Then by , Lemma and the Law of Large Numbers

we have

Cov <T | 5/1:(]71b>'< + ) — Cov (T | Yl:Jv’ll)*>| — 07

L 2 ()2 1
Var | — VYt | = 4 1 z Vi — )2
ar ﬁ; )° | Y1 (mrg +77)2 + (mT§+Tf)3J;( = 1)
2 (m3) s
(mrg +77)?  (m1y +717)?
and
1 < 2 (mmg)? 1
V Y — 4 0 - }7 . *)\2
o J; RS (mT§+Tf)2+ (m7'6‘+7'1*)3Jj;(j ")
L2 m (o)~
(m75 + 77) (m7g +77)
and
1 < 1 < 2 mToT 1
—= =N 0, —p")? | Vg, | = —4 071 2Ny )2
\/j; J ]Z:;( W) | 12, Y (mTo +T1)2 (mTo Jrn)‘3 J ;( J 'u)
2

)

(75 + 77 )2

Q( -almost surely as J — oo. Finally, by the Law of Large Numbers and calculations
snnllar to Lemma [C.40] we have

E[(0; - Y)Y, 9] <oo, E[(6; —p)'?|Ys,¢] <oo

for every . Therefore, with the same arguments in the proof of we conclude that

J
7 J3/ z_:

Qf;f)—almost surely, as J — o0o. The result then follows by Lyapunov version of Central
Limit Theorem. O

D+ Ay
VI

D+ Ay

12 12

— 0,

We need another technical Lemma.
Lemma C.42. Consider the assumptions of Proposition|5.60l Then it holds

_ 202[Vj(t1+t2)*(t1u+t237j )}2
e 1+40d(t+to)2

[1+4(t + t2)204)"/*

‘E [ it1(8; —p) 2 4ita(6;—Y;) | Ygﬂﬂ”

with (tl,tg) € Ry and

mTy 1 — 9 1

= [+ G, 00 = ———.
mTo + T1 mTy + T1 mTy + T1

74



Proof. By simple computations we get
t1(0; — p)? + t2(0; — Y;)? = (t1 + 2)07 — 20, (trpu + t2Y5) + tps® + 12V}

Therefore ~ -
‘E [eit1(9j—u)2+it2(91—yj)2} ‘ < ’E {ei((tlthQ)@?*er(MJrYj))} ‘ .

Then we can apply Lemma[C.26] with

— mTo T1 — 2 1
— b 4ty b= -2t +taY; - Y, -
a=h+t, (trp+142Y5), v m7'0+71'u+m70+7'1 i 7

Consistently with the previous Sections, we denote
i V)24 )2 _ T
P(t | Y,0) = B e O 000" vyl (] Yig, ) =E [T | Vi, ¢

for every ¢ and t = (t,t2) € R?. The next lemma proves the same convergence of Lemma
>.41) using the total variation distance.

Lemma C.43. Define 1/; and T as in and , respectively. For every 77/; € RP it
holds

Hﬁ(df | Yi.g, ) — N (C(z/f‘)d?, V(¢*)) HTV -0,
Qgpof)—almost surely as J — oo.

Proof. Since the result holds under the weak metric by Lemma with the same rea-
soning of Lemma it suffices to prove

lim lim limsup /
A0 B=00 Jooo J((t1+t2)2<A2<B)"

B(t | Yaug,wt)| dt =0
fof)—almost surely as J — 0o, where

(J) — % b+Ay
G (Gl 77

Analogously, denote also

« Bt A J .
) =p +T7 7'1():7'1-1-

I
Asinwehave
J
t
5(t | Yiog, )| = — Yy,
Bt | Yior, )] jr_[lso(ﬁ 20)

Therefore, with the change of variables u = t; + t2 and v = t1, we have

@(t | Yl:Jaw(J))‘ dt

J
/<u2<A,v2<B)C E

Moreover it is easy to see that

/((t1+t2)2§A,t§§B)c

¢ (Mfgv) | Yj,w’))' dudv

{(u,v) | v* < A and v* SB}C C {(u,v) | u* > A} U{(u,v) | u* < A and v* > B},
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so that
d v, U — V)
Y,1/1 )‘ dudv </
/('u,2<A v2<B)° 1;[ < e % 2>A
J v)
\ Yj,z/J(J))‘ dudv.

(U,U, —
Lol
(u2<A,v2>B) Jl;Il \/j

For every 9, by Lemma [C.42] with

((“ﬁ”) | n,w”)’ dudv

mTo Ty — 9 1

vj = p+ Iz S
m’To-l-Tl m70+7'1 mT0+Tl

we have 21 g ; ]2
2025 S [uly =) —u(e=Y)]

| ) ‘ e 14+dodu2
1+ du2o4]”/4

v)

[T+

Jj=1

("

Notice that

1< — — 12
72 [l = ¥5) —v(u=¥5)]" =
j=1

As regards the first element in , by integrating with respect to v we get

L2>A

2033 57 [utr; ~ ¥ —v ) —¥))]?

) 6_ 1+40%
( Y ¢<J>>’ dudv < / . dudv
u2>A 1+ du?cd]

_ o2
207 2{1 J (u-fff-)2f{7 Z}‘]:l(“jfyﬁ(“‘/’yj)}
=1 —Y;

p o 1+4a§u2u J D ACIC R A
< 218N () _v2 / 11J/A—1/2 du,
2055 Zj:l(ﬂ —Y;)? Ja 1+ 4u?0]]
where o )
1 mT, T —
2 _ _ 0 J 1
S A 6) B ¢ LR A ) (JW( t—o
mty’ + T mty  + T mty C + T

By the Law of Large Numbers we have

J J
| - . 1 _
hmmfjj_}:lj(u“)fmz:hmm 32: LY >0

prof)—almost surely and similarly

(3505 -7 - 7))
B 7 ijl(/‘(‘]) —Y;)?

J
.. 1
lim inf i ;(V — =co >0,
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by Cauchy-Schwartz inequality, ngf)—almost surely. Moreover, by Lemma

1 1 2
oie( L *)w%,a@

2m7y + 1 mTy + 7

Qf;f)—almost surely, for J high enough. Therefore

lim lim limsup
A—00 B—0oo  J_yo0

( ) |Yj,z/}(J>>’ dudw

2co Ul 2

1+4a4u2u
< i =
e \ 20101/ 1+ 4u0 4]J/4 1/2 du=0

prof)—almost surely. As regards the second addend in we get

@ ((”"\/;”) | Yj,W))‘ dudv

_ _ 2
s [v W T B =YW %))
14+05A
</ e 2
(u2<A,v2>B)

Qq(;f)—almost surely. Fix A > 0 and notice that for every u we have

lim sup / H
J—o00 (u2<A,v2>B) j=1

oo

— _ 2
i {” u%Elewryj)w(v”*”)]
. T 1t0daZ 157 N —v,)2
lim 2 7 Xj=e 3 dv = 0.
B—oo Jp

Moreover

202 [ AL e-vpe-vp)?

s E L OS5 A .

e 2 J =i=1 J dudv < o0,
u2<A

so that, by Dominated Convergence Theorem we get

o1 047 ) ’
208 v— u‘] =1 g J
 1toja? F Sio e -vp)2 dudv =0
9

lim
B—oo (u2<A,v2>B)

for every A > 0 and the result follows.

T 2 } dudv,

O

Proof of Proposition[5.6. The result follows by arguments similar to the proof of Theorem

that we briefly summarize. Since by construction

‘C(d'(/) ‘ 97Y1:J) :[’(dw | Tayi:J)

a direct analogue of Lemma [4.1] holds. Moreover, by Lemmas [C.39] and [C.43] we can use
Lemma [C.18| to prove that £ (dT,d¢ | Yl:J), as in , converges to a Gaussian vector

with non singular covariance matrix. Finally, Lemma holds for P, being a two-block
Gibbs sampler. Therefore the Gibbs sampler on the limit Gaussian target has a strictly

positive spectral gap: thus the result follows by Corollary O
C.25 Proof of Corollary
Let ¢ = (11,79) and define
m?(r;)? 1 m
I(¢*) _ 2(7’1")2(7'1"+m7'6‘)2 . —T_('rl +m7’(0 )*2) , C(¢*) _ (mT(iiH’l:)z (mfo};li-ﬁ:)z
PlGR=TEE 27 )2 T 22 (7 Amrg )2 (mrg+r)?  (m7g+7)
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and

* mTd+717)2 + mTr+715)2 T (mrr )2
Vg = | T
_W (m7g+717)? + (m7g+77)?

We have a preliminary Lemma.

Lemma C.44. Consider the setting of Proposition[5.6. Then we have

Proof. With the same reasoning of Corollary ~(1*) is the spectral gap on the limiting
Gaussian distribution of (1, T), given by by Lemmas|C.39|and [C.43| By inspecting Z(1*)

in and C(¢*) in , we have that i is asymptotically independent from everything
else, therefore it suffices to study the Gibbs sampler that alternates updates of (71, 7o) and

. \i eigenvalue of V=1 (¢%) C’(d)*)Il(qﬁ*)CT(gb*)} .

T. Then the result follows by the same arguments of Corollary O
Proof of Corollary[5.7] By Lemma we have to study the eigenvalues of
V(") C(¢")ZH (") T (¢%). (99)
Notice that
1 % 5 1 1 m
(") = ——— m k2 2 | C(¢")= ———
((b ) (mTa‘ + Tik)Q % (mfl)(m;(() t;’;) +(7) ((b ) (mfrg + Tik)2 |:1 m]
To
and .
* L eeami o
V(") = ——T=w ' -
(m7d +77) -2 2445
Notice that
—1 mriTs Py 2
mT* 4 7_* 2V * — 0'1 mTy .
(( 0 1) ((]S )) S(ng +7_1*)2 2 2+47r77,—71;0
_ 1 mriTy +2(1)? mrTy
4(mrg + 77)2 mryTy mriT + 2(m7g)?
and
(m=1)(mrg+71)°+(r)°
- 2(75)? =y —-m
* * 2I * 1 — 1 (19) .
(mri 47 @0) = o = D) 77 —m ()
1
Therefore

Gk
L2 4 DR i (r)?
L )

m m

P N R g A [1 1]

m

LU PP T G 1>(mT6‘Tj27f)2 + @)\ 11
<?71(4T(17<3*)4 — 2m?(r5)* ()% + (ﬂi 0—)1)(71*)2(%5‘ >+ L;)QIJ]F "\ 1 1
( JI

(15)2(77)?

and
m47_*4_ mZT*QTl*Q m — T1*2m7'* Tf2 7_1*4
V) 0T 1) (o) = (=2 e £ ()

2mriTy + 2(77)? 2mriTy + 2(77)?
2mriTy + 2(mtd)? 2mriT + 2(mrg)?
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Notice that the matrix on the right hand side admits 0 as an eigenvalue, so that the highest
eigenvalue in absolute value is given by its trace, that is

g+ 20 P 4 2 = 2+ 7 )
so that the highest eigenvalue of is given by

m(15)" — 2m?(75)* (1) + (m — 1)(r)* (mrg + 7)* + ()"
m?(m — 1)(75)?(mg + 1)

The result follows by noticing

m* (1)t — 2m?(5)2 (7)) + ()" = [m2(5)? = (7))

= (m75 — 1) (m75 + 7).

C.26 Proof of Lemma [5.8
Proof. The proof follows the same lines of Lemma that we briefly summarize. Since
£ (a6,ary | B,Y™) = £(d0,dry | T(8),Y™) (100)

holds by definition of T', reasoning as in we can conclude
c (dT“), do® arl) |Tt=Y gl T};”)
= o (AT 000, 2D ) 1, (40,47 | TO)

which proves that the transition kernel of the induced chain (T(t), o), Tét)) coincides
t>1

with P,. The second part of the Lemma follows by the same reasoning used in . O

C.27 Proof of Corollary
Proof. By Lemma [5.8] we have
(n)
t

mix

(e, M)=  sup ffgi)m(e, v).
veN (#,,M)

The result then follows by Corollary whose conditions hold by assumption. O

C.28 Proof of Corollary

Proof. It is easy to show that an analogue of Lemma holds, with ¢ = (0,73, 7.) and
T= (T 9, Trys Te). Thus the result follows with the same reasoning of Corollary O
C.29 Proof of Theorem [6.1]

Denote with fi; the push-forward measure of p; according to transformations and
(19). The next theorem shows that the rescaled version of p; is a warm start for the
limiting distribution in Proposition

Lemma C.45. Let iy € P (RYTP) be as in (B5). Then under assumptions (B1) — (B3)
there exists a positive constant M = M (c) such that

Q;Q(meN(N(o,Z),M)) oo,

as J — 0o, with ¥ as in Proposition [{.5.
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Proof. According to transformations , we have
i = Unif (\ﬁ (z/SJ - ¢*) NS c) .

Denote with B,.(x) the closed ball of radius r > 0 and center x € R”. By Theorem 5.39 in
[64] it holds
Q' ((\/7 (z/l, - zp*) - AJ) e Bl(0)> oo, (101)
as J — o0o. Define now
Vol (Bc+1 (O))

M= el 102
o NxT0.5) "

where Vol(A) is the volume of set A and N(0,Xp) is the marginal distribution of N(0,X)
over the last D components. It is easy to see that M < oo and it does not depend on J.
Therefore, by (101]), we conclude

dﬂ(_l)

D - ¥ J
Q- (uJ € N(N(OE),M)) < Qv <x£jﬁo> aN(0. %) (x) < M>

< QP (VI (dr=v7) -as) eBi0)) - 1,
as J — oo. O

Proof of Theorem[6.1l Let pu; € P (R'*P) be as in (35)). Thus, by Lemma the event
{ii; € N (7, M)} with M as in (102) holds with probability converging to 1, with respect
to the law Ql(;) Then, by Lemma there exists 7; € N'(7;, M) such that

17y — fsllpy < M |75 =7l gy -

Therefore, by the above facts, the triangle inequality and Lemma we have
¢ |~ At _ =

l1sPs =il = ||fs P =7 ),

< |lasPy—2aps|| 7P - 7|

_HM‘]J | Ve JEd Ty

< s = 2llgy + |7 Pl — |

TV
< M7y = Fllpy + s 5P - 7|
D EN (75,M) v
:M||7~TJ*7~T||TV+ sup ||VJP5'*7TJHTV-
vygeN(rs,
Thus the result follows by Theorem O
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